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PEEFACE. 

present work is constructed on the same plan as my 
3e on Plane Trigonometry, to which it is intended as a 
I ; it contains all the propositions usually included under 
lead of Spherical Trigonometry, together with a large 
tion of examples for exercise. In the course of the work 
ince is made to preceding writers from whom assistance 
oen obtained ; besides these writers I have consulted the 
SOS on Trigonometry by Lardner*, Lefebure de Fourcy, 
Inowball, and the Treatise on Geometry published in the 
ry of Useful Knowledge. The examples have been chiefly 
od from the University and College Examination Papers 
the account of Napier’s Pules of Circular Parts an 
nation has been given of a method of proof devised by 
3r, which seems to have been overlooked by most modern 
rs on the subject. I have had the advantage of access to 
iprmted Memoir on this point by the late P. L. Ellis, of 
ty College ; Mr. Ellis had in fact rediscovered for himself 
er’s own method. For the use of this Memoir and for 
valuable references on the subject I am indebted to the 
of Ely. 
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Considerable labour has been bestowed on the text in 
order to render it comprehensive and accurate, and the ex- 
amples have all been carefully verified ; and thus I venture 
to hope that the work will be found useful by Students and 
Teachers. 

1. TODHUNTER. 


St. John’s College, 
Augu&t 15, 1859. 



EEVISER’S PREFACE. 

In the present revision of Dr. Todhunter’s Sjoherical 
Trigonometry so many changes have been made that only a 
comparatively small portion of the last edition remains in its 
original form. The introductory chapter, and the chapters on 
G-eodetical Operations and on Polyhedrons, are almost un- 
touched, and m the chapter on Arcs Drawn to Fixed Points 
only one paragraph has been altered. But that part of 
the book which deals with the Formulae of the Triangle and 
the Solution of Triangles has been re-written, and the remain 
ing chapters include extensive alterations and additions. 

I have followed the example of the late Dr Casey in intro- 
ducing chapters on Spherical Geometry, and I am indebted to 
his Spherical Trigonometry^ and to Baltzer’s Elemente der 
Mathemahlc, for references to the important writings on the 
subject. Passing over, however, a number of geometrical 
methods of considerable interest but of restricted application, 
I have given the central place in the present edition to 
the Principle of Duality as exemplified in theorems relating 
to circles on the sphere. Though the principle and some of 
its applications to Spherical Geometry have been known for 



Vlll 


preface. 


a long time, I have not found any connected account ot the 
subject, such as is contained in Chapter X. 

Coaxal circles have been discussed in such a way as to shew 
their analogy with coaxal circles on a plane ^ and the coaxal sys- 
tem and the reciprocal of a coaxal system, to which I have 
given the name Goliinm\ are selected as examples of Duality, 
partly because the properties of the latter afford a new 
treatment of Hart’s Theorem, but chiefly because, on tran- 
sition to the plane, they present an interesting relation 
between systems of circles on the plane, possessed in the one 
case of a common radical axis, in the other of a common 
centre of similitude * 

A chapter has been devoted to the generalisation of the 
Spherical Triangle, based on a recent memoir by Dr E. 
Study ; and another gives a brief account of Prof. Frobenius’s 
application of determinants to the geometry of the sphere. 


^In tins connexion a lenuirk, which it is now too late to insert in 
its natural place in the text, may be made here. 

Jnst as the constant of Art. 169 is called the Spherical Power of 
the point with respect to the small circle, so the constant of Art. 171 
may be called the Spherical Power of the great ciicle with respect 
to the small circle (If the great and the small circle intersect at 
an angle the spherical pow'er is equal to ) Then, as the 

radical circle of two small circles is the locw^ of poinffi whose spherical 
powers with respect to them are equal, the centre of similitude of two 
small circles is the envelope of great c%rcUs whose spherical powers 
with respect to them are equal. Of course by the centre of similitude 
of two circles is meant the external or the internal centre of similitude, 
according as the circles have the same or opposite senses of rotation 
assigned to them. This view of centres of similitude completes the 
analogy between coaxal and colunar circles, whether on a sphere or 
on a plane. 
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IX 


In both these chapters special attention has been paid to the 
conventions used for the purpose of avoiding ambiguity. It 
is hoped that a sufficient emphasis has thus been laid on the 
inaportance of assigning to every circle a certain direction and 
a unique pole, a method whose utility has been exemplified 
also in Chapter X. 

Some examples have been added, taken, for the most part, 
from the papers of the Science and Art Examinations and of 
•fclie Eoyal University of Ireland ; a few are from Reidt s 
collection. 

My very grateful acknowledgments are due to Mr. T. J. 
I’ Anson BpwOMWICH, for his help in reading proofs, and for 
many most valuable suggestions. 

J. G. LEATHEM. 


St. John’s College, 
October ‘24, 1901. 
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SPHEEICAL TRIGONOMETRY. 


CHAPTER I. 

GREAT AND SMALL CIRCLES. 

1. Definition. A sphere is a solid bounded by a surface 
every point of which is equally distant from a fixed point 
which IS called the cenirre of the sphere. The straight line 
which joins any point of the surface with the centre is called 
a radius. A straight line drawn through the centre and 
terminated both ways by the surface is called a diameta . 

2. The section of the surface of a sphere made hy arty plane is 
a circle. 



Let AB be the section of the surface of a sphere made by 
any plane, 0 the centre of the sphere. Draw OC perpendicular 

L.S.T. A ® 
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to the plane; take any point D in the section and join OD, 
CD. Since OC is perpendicular to the plane, the angle OCD 
is a right angle ; therefore CD = ^(OD^ — OC^). Now O and C 
are fixed points, so that OC is constant, and OD is constant, 
being the radius of the sphere ; hence CD is constant. Thus 
all points in the plane section are equally distant from the 
fixed point C; therefore the section is a circle of which C is 
the centre. 

3. Definitions. The section of the surface of a sphere by a 
plane is called a great circle if the plane passes through the 
centre of the sphere, and a small circle if the plane does not 
pass through the centre of the sphere. Thus the radius of a 
great circle is equal to the radius of the sphere. 

4. Through the centre of a sphere and any two points on 
the surface a plane can be drawn ; and only one plane can be 
drawn, except when the two points are the extremities of a 
diameter of the sphere, and then an infinite number of such 
planes can be drawn. Hence only one great circle can be 
drawn through two given points on the surface of a sphere, 
except when the points are the extremities of a diameter of 
the sphere. When only one great circle can be drawn through 
two given points, the great circle is unequally divided at the 
two points ; we shall for brevity speak of the shorter of the 
two arcs as the arc of a great circle joining the two points. 

6. Definitions. The axis of any circle of a sphere is that 
diameter of the sphere which is perpendicular to the plane of 
the circle ; the extremities of the axis are called the poles'^ of 
the circle. The poles of a great circle are equally distant 
from the plane of the circle. The poles of a small circle are 

* The expression poh of a circle is used by Archimedes ( 287 - 
212 B.o.) 
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ixot equally distant from the plane of the circle ; they may be 
called respectively the nearer and the further pole ^ sometimes 
the nearer pole is for brevity called the pole. 

6. A pole of a circle is equally distant from every point of the 
circumference of the circle. 

Let O be the centre of the sphere, AB any circle of the 
sphere, C the centre of the circle, P and P' the poles of the 
circle. Take any point D in the circumference of the circle ; 
join CD, OD, PD. Then PD = ^(PC2 + CD2) ; and PC and CD 
are constant, therefore PD is constant. Suppose a great circle 
to pass through the points P and D ; then the chord PD is 
constant, and therefore the arc of a great circle intercepted 
between P and D is constant for all positions of D on the 
circle AB. 


r 



Thus the distance of a pole of a circle from every point of 
the circumference of the circle is constant, whether that 
distance be measured by the straight line joining the points, 
or by the arc of a great circle intercepted between the points. 

Definition. The length of the arc, measured along a great 
circle, from any point on a small circle to the nearer pole is 
called the spherical radius of the small circle, 
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7, The arc of a great circle which is drawn from a 'pole of a 
great circle to any point in Us circumference is a quadrant. 

Let P be a pole of the great circle ABC ; then tbe arc PA is 

a quadrant. 


C 

A 



For let 0 be tbe centre of tbe sphere, and draw PO. Then 
PO is at right angles to tbe plane ABC, because P is tbe pole 

of ABC , therefore POA is a right angle, and tbe arc PA is a 
quadrant. 

8. The angle subtended at the centre of a sphere by the arc of a 
great circle which joins the poles of two great circles is equal to the 
inclination of the planes of the great circles. 

A 



Let O be tbe centre of the sphere, CD, CE the great circles 
intersecting at C, A and B the poles of CD and CE respectively. 
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Draw a great circle through A and B, meeting CD and CE 
at M and N respectively. Then AO is perpendicular to OC, 
which is a straight line in the plane OCD \ and BO is per- 
pendicular to OC, which is a straight line in the plane OCE ; 
therefore OC is perpendicular to the plane AOB (Euclid, xi, 4); 
and therefore OC is perpendicular to the straight lines OM 
and ON, which are in the plane AOB. Hence MON is the angle 
of inclination of the planes OCD and OCE. And 

AOB = ACM - BOM = BON - BOM = MON. 

9. Definition. When two circles intersect, the angle between 
the tangents at either of their points of intersection is called 
the angle between the circles. 

The angle of intersection of two great circles is equal to the 
inclination of their planes. 

For, in the figure of the preceding Article, the tangents at C 
to the circles CD and CE, lying in the planes of these circles 
respectively, are perpendicular to their common radius OC, 
which is the line of intersection of the planes. Hence the 
angle between the tangents is the angle of inclination of the 
planes. 

In the figure of Art, 6, since PO is perpendicular to the 
plane ACB, every plane which contains PO is at right angles 
to the plane ACB. Hence the angle between the plane of any 
circle and the plane of a great circle which passes through its 
poles IS a right angle. 

10. Two great circles bisect each other. 

For since the plane of each great circle passes through the 
centre of the sphere, the line of intersection of these planes is 
a diameter of the sphere, and therefore also a diameter of each 
great circle ; therefore the great circles are bisected at the 
points where they meet. 
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11. If the arcs of great circles joining a point P on the surface 
of a sphere with two other points A an£/ C on the surface of the 
sphere, which are not at opposite extremities of a diameter, he each 
of them egual to a quadrant, P is a pole of the great circle through 
A and C. (See tlie figure of Art. 7.) 

For suppose PA and PC to Le quadrants, and O tlie centre of 
tlie sphere j then since PA and PC are quadrants, the angles 
POC and POA are right angles. Hence PO is at right angles 
to the plane AOC, and P is a pole of the great circle AC. 

12. Definition. Great circles which pass through the poles 
of a great circle are called secondaries to that circle. Thus, in 
the figure of Art. 8, the point C is a pole of ABMN, and there- 
fore CM and CN are parts of secondaries to ABMN. And the 
angle between CM and CN is measured by MN; that is, the 
angle between any two great circles is measured ly the arc they 
intercept on the great circle to which they are secondaries, 

13. If fi'om a point on the surface of a sphere there can he 
drawn two arcs of great circles, not parts of the same great circle, 
the planes of which are at right angles to the plane of a given circle, 
that point is a pole of the given circle. 

For, since the planes of these arcs are at right angles to the 
plane of the given circle, the line in which they intersect is 
perpendicular to the plane of the given circle, and is therefore 
the axis of the given circle ; hence the point from which the 
arcs are drawn is a pole of the circle. 

14. To compare the arc of a small circle subtending any angle 
at the centre of the circle with the arc of a great circle subtending 
the same angle at its centre. 

Let ah be the arc of a small circle, C the centre of the circle, 
P the pole of the circle, O the centre of the sphere. Through 
P draw the great circles Pak and PbB, meeting the great circle 
of which P is a pole at A and B respectively ; draw Oa, Ob, Ok, 
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CHAPTER IL 


SPHERICAL TRIANGLES. 

15. Spherical Trigonometry investigates the relations which 
subsist between the angles of the plane faces which form a 
solid angle and the angles at which the plane faces are inclined 
to each other. 

16. Spherical Triangle. Suppose that the angular point of 
a solid angle is made the centre of a sphere ; then the planes 
which form the solid angle will cut the sphere in arcs of great 
circles. Thus a figure will be formed on the surface of the 
sphere, which is called a spherical triangle if it is bounded by 
three arcs of great circles ; this will be the case when the solid 
angle is formed by the meeting of three plane angles. If the 
solid angle be formed by the meeting of more than three plane 
angles, the corresponding figure on the surface of the sphere 
is bounded by more than three arcs of great circles, and is 
called a spherical polygon. 

17. Definitions. The three arcs of great circles which form 
a spherical triangle are called the sides of the spherical 
triangle , the angles formed by the arcs at the points where 
they meet are called the angles of the spherical triangle. 
(See Art. 9.) 

18. Thus, let 0 be the centre of a sphere, and suppose a 
solid angle formed at 0 by the meeting of three plane angles. 



§19] 


SPHERICAL TRIANGLES. 


9 


Let AB, BC, CA be tbe arcs of great circles in which -the planes 
cut the sphere ; then ABC is a spherical triangle, and the arcs 
AB, BC, CA are its sides. Suppose Ah the tangent at A to the 
arc AB, and Ac the tangent at A to the arc AC, the tangents 



being drawn from A towards B and C respectively , then the 
angle hAc is one of the angles of the spherical triangle. 
Similarly angles formed in like manner at B and C are the 
other angles of the spherical triangle. 

19. The principal part of a treatise on Spherical Trigono- 
metry consists of theorems relating to spherical triangles ; it 
is therefore necessary to obtain an accurate conception of a 
spherical triangle and its parts. 

It will be seen that what are called sides of a spherical 
triangle are really arcs of great circles, and these arcs are 
proportional to the three plane angles which form the solid 
angle corresponding to the spherical triangle. Thus, in the 
figure of the preceding Article, the arc AB forms one side of 
the spherical triangle ABC, and the plane angle AOB is 

measured by tbe fraction and thus the arc AB 

is proportional to the angle AOB so long as we keep to the 
same sphere. 

And from the proposition proved in Article 9 it follows 
that the angles of a spherical triangle arc the same as the 
inclinations of the plane faces that form the solid angle. 
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20. N’otation. The letters A, B, C are generally used to 
denote the angles of a spherical triangle, and the letters 

b, c are used to denote the sides. As in the case of plane 
triangles, A, B, and C may be used to denote the numerical 
values of the angles expressed in terms of any umf, provided we 
understand distinctly what the unit is. Thus, if the angle C 
be a right angle, we may say that 0 = 90“, or that C = |-7r, 
according as we adopt for the unit a degree or the angle 
subtended at the centre of a circle by an arc equal to the 
radius. So also, as the sides of a spherical triangle are pro- 
portional to the angles subtended at the centre of the sphere, 
we may use a, b, c to denote the numerical values of those 
angles in terms of any unit. We shall usually suppose both 
the angles and the sides of a spherical triangle to be ex- 
pressed in circular measure. (Plane Trigonometry, Art. 20.) 

21. In future, unless the contrary be distinctly stated, any 
arc drawn on the surface of a sphere will be supposed to be 
an arc of a great circle. 

22. Conventional restriction of lengths of sides.* In 



spherical triangles each side is restricted to be less than a 
* See Chapter xix. 
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semicircle; this is of course a convention, and it is adopted, 
for the present, partly because it is traditional and partly 
because it simplifies the study of Spherical Trigonometry for 
the beginner. 

Thus, in the figure, the arc ADEB is greater than a semi- 
circumference, and we might, if we pleased, consider ADEB, 
AC, and BC as forming a triangle, having its angular points at 
A, B, and C. Hut we agree to exclude such triangles from our 
consideration; and the triangle having its angular points at 
A, B, and C, will be understood to be that formed by AFB, BC, 
and CA. 

23. From the restriction of the preceding Article it will 
follow that any angle of a spherical triangle %s less than tuo ri^ght 
angles 

For suppose a triangle formed by BC, CA, and BEDA, having 
the angle BCA greater than two right angles. Then the parts 
of the arc BEDA, which are in the immediate neighbourhoods 
of B and of A respectively, clearly lie on opposite sides of the 
plane of the great circle BC. Hence the arc must cut this 
plane ; let it do so in a point D ; then D lies on the arc BC 
produced. By Art. 10, BED is a semicircle, and therefore 
BEA is greater than a semicircle , thus the proposed triangle 
is not one of those which we consider. 

24. The relations between the sides and angles of a Spherical 
Triangle, which are investigated in treatises on Spherical Tri- 
gonometry, are chiefly such as involve the Trigonometrical 
Functions of the sides and angles. Before proceeding to these, 
however, we shall consider some theorems which involve the 
sides and angles themselves, and not their trigonometrical ratios. 

Befinitions. The following definitions are important. 

A lune is that portion of the surface of a sphere which is 
comprised between two great semicircles. 
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Two triangles, ABC, A"BC, which, have a side BC common, 
and whose other sides belong to the same great circles, are 
called Golunar triangles^ as they together make up a lune. 
A" IS the point diametrically opposite to A on the sphere. 

If A", B", 0 " be diametrically opposite to A, B, C respectively, 
the triangle ABC has three colunar triangles, namely, A"BC, 
B''CA, and C"AB. 

Antipodal triangles are triangles whose respective vertices 
are diametrically opposite to one another in pairs ; such, for 
example, are the triangles ABC, A"B"C''. 

25. Polar triangle.* Let ABC be any spherical triangle, 
and let the points A', B', C' be those poles of the arcs BC, CA, 
AB respectively which lie on the same sides of them as the 
opposite angles A, B, C ; then the triangle A'B'C' is said to be 
the polar triangle of the triangle ABC. 



Since there are two poles for each side of a spherical 
triangle, eight triangles can be formed having for their angular 
points poles of the sides of the given triangle; but there is 
only one triangle in which these poles A', B', C' lie towards 
the same parts with the corresponding angles A, B, C; and 
this IS the triangle which is known under the name of the 
polar triangle. 

The discovery of the polar tiiangle is due to Snellius. Its use is 
explained in Ins Trigonometna^ (Lib. Ill, Prop YIII), published at 
Leyden m 1627. 
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The triangle ABC is called the primitive triangle with respect 
to the triangle A'B'C'. 

26. If one triangle he the polar triangle of another, the latter 
will he the polar triangle of the former. 

Let ABC be any triangle, A'B'C' the polar triangle : then ABC 
will he the polar triangle of A"B'C'. 





For since B' is a pole of AC, the arc AB' is a quadrant, and 
since C' is a pole of BA, the arc AC' is a quadrant (Art 7); 
therefore A is a pole of B'C' (Art. 11). Also A and A' are on 
the same side of B'C' , for A and A' are by hypothesis on the 
same side of BC, therefore A'A is less than a quadrant ; and 
since A is a pole of B'C', and AA' is less than a quadrant, A and 
A' are on the same side of B'C'. 

Similarly it may be shewn that B is a pole of C'A', and that 
B and B' are on tho same side of C'A' ; also that C is a pole of 
A'B', and that C and C' are on the same side of A'B'. Thus ABC 
is the polar triangle of A' B'C'. 

27. The sides and angles of the polar triangle are respectively 
the supplements of the angles and sides of the primitive triangle. 

For let the arc B'C', produced if necessary, meet the arcs AB, 
AC, produced if necessary, at the points D and E respectively ; 
then since A is a pole of B'C', the spherical angle A is measured 
by the arc DE (Art. 12). But B'E and C'D are each quadrants ; 
therefore DE and B'C' are together equal to a semicircle, that 
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is, the angle subtended by B'C' at the centre of the sphere is 
the supplement of the angle A. This we may express for 
shortness thus ; B'C' is the supplement of A. Similarly it may 
be shewn that C'A' is the supplement of B, and A'B' the supple- 
ment of C. 

And since ABC is the polar triangle of A' B'C', it follows that 
BC, CA, AB are respectively the supplements of A', B', C' ; that 
is, A', B', C' are respectively the supplements of BC, CA, AB. 

From these properties a primitive triangle and its polar 
triangle are sometimes called supplemenM triangles. 

Thus, if A, B, C, a, h, G denote respectively the angles and 
the sides of a spherical triangle, all expressed in circular 
measure, and A', B', C', a', d those of the polar triangle, 
we have 

A' = TT - a, B' == TT - 6, C' = TT - c, 
a' -TT’- A, 2>' = TT - B, c' = TT — C. 

28. Duality of theorems relating to the spherical triangle. 
The preceding result is of great importance ; for if any general 
theorem be demonstrated with respect to the sides and the 
angles of any spherical triangle it holds of course for the polar 
triangle also. Thus any such theorem will remain true when the 
angles are changed into the sujpplements of the corresponding sides 
and the sides into the supplements of the corresponding angles. We 
shall see several examples of this principle in the next Chapter. 

29. Any two sides of a spherical triangle are together greater 
than the third side. (See the figure of Art. 18.) 

For any two of the three plane angles which form the solid 
angle at O are together greater than the third (Euclid, XI, 20). 
Therefore any two of the arcs BC, CA, AB, are together greater 
than the third. 

From this proposition it is obvious that any side of a 
spherical triangle is greater than the difi'erence of the other two. 
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tlijiii two riuht HUyloH. th*' .oon i/j naif a uitt k /r^w flmn 

ihr f la umfrt^ Ik f uf ii fi/Htf rtfJi, 'rJuH foiloUo from FiUrltti, 

Xl, 21. ill thi» nyijim»r oltrun in Ah 30. 

32. 7^^^’ ^lor’r' lOili/M #»/ tl y./o/lOl/ tiHllHjlt (Iff ttHjtfbtr fifHlirt 

ihin iiro ikii4 mki ksi thui •nf ntfh! fOo/5‘i, 

liOl A.* B, C hr tlir oiriMi of it ^iplirrinil tlimigh' * h't h\ h\ f\ 
tm lltr of llir [Miliir iniiiiylr. Thru hy Art Ilfl, 

II ’ i h' I / IN IruH thsiu ‘Jit, 
thil! ii. » A i - II M C i‘i Inm thiMi :!r ; 
ilioriiforii A I II f C U gmttri than n 

Ami wiiirr mr|i uf ifir ttiigkm A, B, C in Irwn fhiiii f, tlm wiiii 
A 4* fl I C in Irns tliiiii ilf. 
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33. Identical and symmetrical ecLuality of triangles. If 
ABC, be antipodal triangles, the plane of the arc BC is 

tbo same as the plane of the arc and similarly for CA, 
and AB, A"B". Hence the angles of the one triangle are 
roH[)octively e<^ual to those of the other , and as the distance 
between two points is e(][iial to the distance between the 
diametrically opposite points, the sides of one triangle are 
to the corresponding sides of the other. Thus the 
triangles have all their corresponding elements equal. 

There is however this difference between them, that if we 
go round the two triangles in such a manner as to take 
cotTosponding elements in the same order, we shall go round 
one triangle in the clockwise, the other in the counter-clock- 
wise sense. And so if the triangle A"B"C" he shifted bodily 
in the surface of the sphere until B'^ coincides with B, and C 
with C, then the remaining vertices A" and A will not coincide, 
hilt will be on opposite sides of the common arc BC. The 
triangles therefore are not superposablo. If however the 
triangle A"B"C'', regarded as a material film, were lifted off the 
sphox ‘0 and, as it were, turned inside out, so that the formerly 
CDnvox side of its surface would become concave, the altered 
triangle could then he exactly superposed on the triangle ABC. 

Antipodal triangles are accordingly equal to one another 
in every respect, and yet not superposahle in the ordinary 
moaning of the term. Triangles having this sort of equality 
are said to be symmetrically^ equal, as distinguished from 
triangles which are superposahle and which are said to be 
identically equal, or congruent 

34. The proof, by the method of superposition, of the 
<Miuality of plane triangles under certain circumstances, as 
used for example in Euclid, i, 4, 8, and 26, may be applied 
equally well to spherical triangles on the same sphere ; the 

* This term is due to Lbgendee {Qeomitrie, VI, Del 16 ) 
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test of equality being that one triangle should be superposable 
on the other, or on the antipodal triangle of the other. In 
this way may be proved the first three cases of the following 
theorem : 

Two triangles on the same sphere are either congruent or 
symmetrically equals and therefore have all their corresponding 
elements equal, 

(1) When two sides and the included angle of one are respec^ 
lively equal to two sides and the included angle of the other, 

(2) When the three sides of mie are respectively equal to the 
three sides of the other. 

(3) When two angles and the adjacent side of one are respec- 
tively equal to two angles and the adjacent side of the other 

(4) When the three angles oj one are respectively equal to the 
three angles of the other. 

Case (4) has no analogue in plane geometry ; it is derived 
from Case (2) by consideration of the supplemental triangles. 

35. The angles at the base of an isosceles spherical triangle are 
equal. 

For if the sides AB, AC are equal, and if D be the mid point 
of BC, the triangles ADB, ADC have their corresponding sides 
equal each to each, and therefore are symmetrically equal. 
Hence the angles B and C are equal. 

If AB and AC are quadrants, the angles at the base are right 
angles by Arts. 1 1 and 9. 

36. If two angles of a spherical triangle are equal, the opposite 
sides are equal. 

Since the primitive triangle has two equal angles, the polar 
triangle has two equal sides ; therefore in the polar triangle 
the angles opposite the equal sides are equal by Art. 35. 
Hence m the primitive triangle the sides opposite the equal 
angles are equal. 

L.S T. B 
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37 . If one angle of a spherical triangle is greater than 
another^ the side ojp;posite the greater angle is greater than the side 
qpjposite the less angle. 


B 



Let ABO be a spherical triangle, and let the angle ABC be 
greater than the angle BAG : then the side AC will be greater 
than the side BC. At B make the angle ABD equal to the 
angle BAD j then BD is equal to AD (Art. 36), and BD + DC is 
greater than BC (Art. 29); therefore AD + DC is greater than 
BC ; that is, AC is greater than BC. 

38 . If one side of a spherical triangle is greater than another, 
the angle opposite the greater side is greater than the angle o^pposite 
the less side. 

This follows from the preceding Article by means of the 
polar triangle. 

Or thus ; suppose the side AC greater than the side BC, then 
the angle ABC will be greater than the angle BAG. For the 
angle ABC cannot he less than the angle BAG by Art. 37, and 
the angle ABC cannot be equal to the angle BAG by Art. 36 ; 
therefore the angle ABC must he greater than the angle BAG. 

This Chapter might be extended; hut it is unnecessary 
to do so, because the Trigonometrical formulae of the next 
Chapter supply an easy method of investigating the theorems 
of Spherical Geometry. See, for example, Arts. 67 and 68. 

39. Note. — The foundation of the science of Spherical Trigonometry 
is attributed to the astronomer HirrAncHUS (150 B.o.) fundamental 
theorems of the subject arc found m the 8'phaer%ca of Menelaus and in 
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the Almagest of Ptolemy. These were afterwards elaborated by the 
Arabs, and in the middle of the fifteenth century by Regiomoti^tanus, 
for use in Astronomy. 

In modern times the study of Spherical Trigonometry received a 
fresh impetus from the writings of Etjler, who published several 
memoirs on the subject. The first appeared in the Mimoires de 
VAcadimie RoyaU de Berlin in 1753, and was followed some years 
later by a series of papers m the Acta Petropolitana ; of these the most 
important are those entitled “De Mensura Angulorum Solidorum^’ (1778, 
p. 31), and ^‘IVigonometria Sphaerica Universa ex primis prmcipiis 
derivata ” (1779, p. 79). Lagrange gave an investigation of the formulae 
of the spherical triangle a few years later in the Journal de VEcole 
Polyteehnique (1799, Cahier 6 , p. 270). 

The chief contributors to the science of Spherical Geometry, in 
addition to those already named, are Vieta (1595), Napier (1614), 
Snbllius (1626), Girard (1629), Lexell (1782), Legendre (1787), 
Chasles (1831), Schulz (1833), Gudermann (1835), and Borgnet 
(1847). 

The extension of the standard formulae to triangles whose sides and 
angles are not necessarily less than 180® is generally ascribed to Mobius 
EntwicTcelmgen der Orundformeln d,er spharischen Trigonometme in 
grosstmdglicher AUgemeinheitj^* Verhandlungen der Icon. sack. QesellscTiaft 
der Wissenschaften %u Leijizig, 1860, p. 51). But from a remark of 
Gauss’s in § 54 of his Theoria Motus Corporum Ooelestium (1809), it is 
plain that he had thought of this generalisation, and had worked it 
out, though he did not publish it. Professor Chauvenet, m the 
preface to his work on Astronomy, points out that in his own Treatise 
on Trigonometry, published in 1850 (a work at present out of print and 
difficult to procure), the standard formulae are proved for the general 
triangle ; however, Mobius’s first memoir on the subject appeared in 
1846 (cf § 302) We shall discuss the generalisation of the triangle 
in Chapter xix. 



CHAPTER III. 

RELATIONS BETWEEN THE TRIGONOMETRICAL 
FIJNCTIONS OE THE SIDES AND THE ANGLES OF 
A SPHERICAL TRIANGLE. 

40. Elements of a spherical triangle. A spherical triangle 
has six elements, namely the three sides a, 5, c, and the three 
angles A, B, C. When any three of these are given, the form 
and dimensions of the triangle are completely determined, as 
there exist relations by means of which the other three 
elements can then be found. These relations will be established 
in the present chapter. 

They may conveniently be divided into two classes. In 
Section I. will be considered those formulae which involve four 
elements of the triangle ; in Section II. those which involve 
five or six elements. 


Section I 

41. Formulae involving four elements. There are four 
cases, according as the elements involved arc : 

I. Three sides and an angle. 

11. Two sides and the angles opposite to them. 

III. Two sides, the included angle, and another angle. 

IV. Three angles and a side. 
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Case. I. — Three sides and an angle. 

42. To ex'press the cosine of an angle of a triangle in terms of 
sines and cosines of the sides. 





Let ABC be a spherical triangle, O the centre of the sphere. 
Let the tangent at A to the arc AC meet OC produced at E, and 
let the tangent at A to the arc AB meet OB produced at D ; join 
ED. Thus the angle EAD is the angle A of the spherical tri- 
angle, and the angle EOD measures the side a. 

From the triangles ADE and ODE we have 

DE2 = AD2 + AE2 ^ 2AD. AE cos A, 

DE^ = OD2 + OE‘*^ - 20D . OE cos a , 

also the^ angles OAD and OAE are right angles, so that 
0D2 = 0A2 + AD^ and OE''^ = OA‘^ + AE^. Hence by subtraction 
we have 

0 = 20A2 + 2AD . AE cos A - 20D . OE cos a ; 


therefore 


cosa = 


OA ^ ^ ^ 
OE ■ OD'^OE ■ OD 


cos 


A; 


that is cos a = cos & cos c + sin 5 sin c cos A; 

, cos a-cosb cos c 
cos A = 


therefore 


sin b sin c 


( 1 ) 

( 2 ) 
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43. We have supposed, m the construction of the preceding Article, 
that the sides which contain the angle A are less than quadrants, for 
we have assumed that the tangents at A meet OB and OC respectively 
produced. We must now shew that the formula obtained is true when 
these sides are not less than quadrants. This we shall do by special 
examination of the cases in which one side or each side is greater than 
a quadrant or equal to a quadrant 

(1) Suppose only one of the sides which contain the angle A to be 
greater than a quadrant, for example AB. Produce BA and BC to 
meet at B' ; and put AB' = c', CB'=a'. 



Then we have from the triangle AB'C, by what has already been 
proved, 

cos a! = cos & cos d + sin h sin c' cos B'AC ; 
but (xJ — ir — Q/i c' = 7r-c, B'AC=7r-A; thus 

cos a = cos & cos c + sin 6 sin c cos A. 

(2) Suppose both the sides which contain the angle A to be greater 
than quadrants. Produce AB and AC to meet at A'; put A'B = c', 
A'C = &' ; then from the triangle A'BC, as before, 

cos a = cos h' cos c' 4- sin V sin d cos A' ; 



but l)' = Tr-h, d = T-Ci A'=A; thus 

cos (X = cos h cos c + sin b sin c cos A. 



FORMULAE OF THE TRIAN-GIiE. 


23 


(3) Suppose that one of the sides which contain the angle A is a 
quadrant, for example AB , on AC, produced if necessary, take AD 
equal to a quadrant and draw BD. If BD is a quadrant, B is a pole of 



AC (Art. 11); m this case a-=j7r and A=j7r as well as c=j7r. Thus 
the formula to be verified reduces to the identity 0 = 0 If BD is not 
a quadrant, the triangle BDC gives 

A 

cos a=cos CD cos BD + sm CD sm BD cos CDB, 

A 

and cosCDB=0, cos CD = cos (^tt 6) = sin 6, cosBD = cosA; 

thus cos a = sin h cos A ; 

and this is what the formula in Art. 42 becomes when c=-|7r. 

(4) Suppose that both the sides which contain the angle A are quad- 
rants. The formula then becomes cos a = cos A; and this is obviously 
true, for A is now the pole of BC, and thus A=a. 

Thus the formula in Art. 42 is proved to be universally true. 


44 . Tho formula in Art 42 may be applied to express the 
cosine of any angle of a triangle in terms of sines and cosines 
of the sides ; thus we have the three formulae, 
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COS a = cos & cos c + sm 5 sin c cos A, 

cosZ> = cosccos^i^ + smcsinacosB, I (3)* 

cos c = cos a cos 5 + sin sin h cos C. j 

These may be considered as the fundamental equations of 
Spherical Trigonometry : we shall deduce various formulae 
from them. 


45. To express the sine of an angle of a spherical triangle in 
terms of trigonometrical functions of the sides. 

We have 

„ cos a - cos 5 cos c 

cos A = ; — ^ : 

sin 0 sin c 


therefore 


sin2A= 1 -■ 


co s g - cos 5 cos c \ 
sin ^ sin c ) 


(1 - cos^/;) (1 - cos^g) - (cos a - cos b cos 
sin^6 sin^c 


therefore 


1 cos% - Q.oB% - cos ^g + 2 cos a cos h cos c , 
sin^6 sin^c ^ 


Rin A = \ /(l ~ COS% - COS^6 COS^C + 2 COS a cos 1) cosc) 
sin b sin c ’ 


...(4) 


The radical on the right-hand side must be taken with the 
positive sign, because sin 5, sine, and sin A are all positive, 
owing to the restrictions of Arts. 22 and 23. 


* These formulae were discovered by ALBATEGNitTS, who made various 
applications of them. A demonstration of them is given by EttIjER 
(M(^moires de Berlin, 1753). All the other formulae of the spherical 
triangle may be deduced from them, as was shewn by Lagrange ; 
Gauss, also, in an appendix to Schumacher’s translation of Carnot’s 
Q4om6trie de Position, derives all the other formulae from them (Gauss, 
Qes. Wtrhe, vol. iv, p. 401). 
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Case II. — Two sides and the angles opposite to them. 

46. From the value of sin A in the preceding Article it 
follows that 

sin A_sin B_sin C 

sin a ~ sin 5 ~ sin c’ ^ 

for each of these is equal to the same expression, namely, 

^(1 - - cos^5 ~ cos^c + 2 cos cos b cos c) 

sin asm 6 sine ^ 

Thus the sines of the angles of a spherical triangle are proportional 
to the sines of the opposite sides. We shall give an independent 
proof of this proposition in the following Article. 

47. The sines of the angles of a spherical triangle are proportional 
to the sines of the opposite sides. 

Let ABC be a spherical triangle, 0 the centre of the sphere. 
Take any point P in OA, draw PD perpendicular to the plane 
BOC, and from D draw DE, DF perpendicular to OB, OC re- 
spectively; join PE, PF, OD. 



Since PD is perpendicular to the plane BOC, it makes right 
angles with every straight line meeting it in that plane ; hence 
PE2 = pd2 + de2 = P02 - OD2 + DE2 = P02 - OE2 ; 

*This fundamental theorem of Spherical Trigonometry is found, 
under a rather different form, in the 3rd book of the Sphaerica of 
Mehelaus. 


26 


SPHERICAL TRIGONOMETRY. 


[§47 


A 

thus PEO is a right angle. Therefore PE = OPsin POE = OPsinc ; 
and PD = PE sm PED = PE sin B = OP sin c sin B. 


Similarly, PD = OP sin 5 sin C ; therefore 

OP sin c sin B = OP sin 5 sin C ; 


therefore 


sin B _ sin h 
sm C sin c 


The figure supposes o, B, and C each less than a right 
angle; it will be found on examination that the proof will 
hold when the figure is modified to meet any case which can 
occur. If, for instance, B alone is greater than a right angle, 
the point D will fall beyond OB instead of between OB and 
OC ; then PED will be the su^pplement of B, and thus sin PED 
is still equal to sin B 


Case III. —Two sides, the included.angle, and another angle. 

48. To shew that cot a sin 6 = cot A sin C + cos h cos C. 

We have cos a = cos & cos c + sin 6 sin c cos A, 

cos c — cos a cos h + ski a sin I cos C, 
sin C 

sm c — sma 

sin A 

Substitute the values of cos c and sin c in the first equation ; 
thus 

, - . . , , sin a sin h cos A sin C 

cos a = (cos a cos o + sm sm o cos 0) cos o + ; — r ; 

^ ' sm A 

by transposition 

cos a sin^S = sin a sin h cos & cos C + sin a sin 1) cot A sin C ; 
divide by sin a sin & , thus 

cot u sin = cos cos C + cot A sin C (7) 

49. By interchanging the letters five other formulae, like 
that in the preceding Article, may be obtained, the whole 
six formulae will be as follows : 
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cot a sin J = cot A sin C + cos b cos C, 
cot hmia — cot B sin C + cos a cos C, 
cot 5 sin c = cot B sin A + cos c cos A, 
cot c sin 5 = cot C sin A + cos b cos A, 
cot c sin a = cot C sin B -h cos a cos B, 
cot sin c = cot A sin B + cos c cos B. 

Of the angles and sides entering into any one of these formulae, one 
of the angles is contained by the two sides and may be called the inner 
angle, and one of the sides lies between the two angles and may be 
called the %nner side. The formula may then be stated thus : — 

(cosine of inner side) (cosine of inner angle) 

= (sine of inner side) (cotangent of other side) 

- (sine of inner angle) (cotangent of other angle.) 

This verbal expression of the formulae* is a convenient one to 
remember. 



Other formulae of Case I. 

50. To express the sine, cosine, and tangent of half an angle of 

a triangle as functions of the sides, 

, n * . cos a - cos & cos c 

Wo have, by Art. 42, cos A ’ 


therefore 1 - cos A = 1 


cos a - cos b cos c cos(5 - c) -- cos a . 


sin b sin c 


sin b sin c 


therefore sin' 


. ^A sin Ka + b- c) sin - 5 + c) 


sin b sin c 


Let = + & + so that s is half the sum of the sides of 
the triangle ; then 

cn-&-c=2s-2c = 2(s-c), £&-6 + c = 2 s- 2 &== 2 (s -~&)5 

thus Sin2^ = (10) 

tnus sirig- ginSainc 


* Suggested to the reviser by a friend. 
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and 

Also, 


A_ j ( sin (s -b) sin (s-c) ] 
2 'Sj \ sin ^ sine J 


(11)* 


T cos a ~ cos & cos e cos a - cos (& + c) 

1 +cosA=l + . = ^ : 

sin 0 sine sine sine ^ 


therefore 



and 


cos 


A Jis mssmis-a) -] 

2 [ Sine Sine J ^ / 


A A 

From the expressions for sin and cos ^ we deduce 


^“2“Vl sin s sin (s- a) J ^ ’ 

The positive sign must be given to the radicals which occur 
A 

in this Article, because ^ is less than a right angle, and 
therefore its sine, cosine, and tangent arc all positive. 


A A 

51 . Since sin A == 2 sin ^ cos we obtain 

2 1 
sinA= . -A {sin5sin(s-a)sin(s--&)sin(s-c)}* .(15) 

It may be shewn that the expression for sin A in Art. 45 
agrees with the present expression, by putting the numerator 
of that expression m factors, as in Plane Trigonometry^ Art. 115. 
AVe shall find it convenient to use a special symbol for the 
radical in the value of sin A , we shall denote it by n, so that 

= sin ,9 sin (s a) sin {s - 5) sin (s-c), (16) 

and == 1 - cos^a - cos^^ - cos% + 2 cos a cos 6 cos c. . . . (17)t 

* Euler, 1753 

i These cxprc.ssions for n are given by Euler (Novi Gommmtarii 
Petropohfam, Vol iv, p. 158). 
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The expression here represented by w occurs so frequently in Spherical 
Trigonometry that it is convenient to have a definite name for it. 
Professor Neuberg of Li^ge suggests that it be called the norm of the 
sides of the triangle, and that the corresponding function of the supple- 
ments of the angles, usually represented by N, be called the norm of 
the angles. Professor von Staudt * calls 2n the sine of the trihedral 
angle subtended by the triangle at the centre of the sphere, or more 
briefly the sine of the triangle f ; in like manner 2N is the sine of the 
polar triangle. 


52. Derivation of formulae by projection. Tbe following 
compact method of obtaining the fundamental equations of 
Spherical Trigonometry is given in Col. A. E Olalke’s 
Geodesy, t Depending, as it does, on the principles of geometrical 
projection, it holds equally well for all triangles, without 
any restriction on the magnitudes of the sides or angles. 

Join O, the centre of the sphere, with the angular points 
A, B, C of the spherical triangle : let Q, R be the projections of 
C on OA and OB, P its projection on the plane AOB, S the 
projection of Q on OB. 

Then OR = OS + QP cos (c - l-v), 

RP = SQ ~ QPcosc, 

QC sin A = PC = RC sin B. 


Here make the following substitutions : 


OR = cos a, 
RC = sin a, 
OQ = cos &, 
QC = sin &, 


OS = cos 1) cos c, 
QP = sin h cos A, 
RP = sin a cos B, 
SQ = cos h sin c, 


^CrelUs Journal, XXIV, 1842, p. 252. 

f The area of a plane triangle is equal to half the product of two 
sides and the sine of the angle between them ; and the volume of a 
tetrahedron is equal to one-sixth of the product of three conterminous 
edges and the sine of the trihedral angle between them. The analogy 
between these two results shews the reason of von Stauot’s nomen- 
clature 

X Compare Gauss, Theona Motm, § 59. 
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C 



and we have immediately 

cos a — cos 5 cos c + sin J sin c cos A, (18) 

sin cos B = cos 6 sin c - sin & cos c cos A, (19) 

sin sin B = sin & sin A (20) 


The first and third of these are standard forms. If we 
multiply the second through by sm A, and then divide its sides 
by the corresponding sides of the third, we obtain the standard 


formula 

sin A cot B = sin c cot 5 - cos c cos A (21) 

53. The formulae (IS), (19), and (20) are analogous to the formulae 

a2=&2+g2_26ccosA, (18') 

a cos B=c- 6 cos A (19') 

a sm B == ?^ sin A, (20') 


of the plane triangle, as will readily be seen on applying the method of 
Chapter xv. Eor this reason, and because they naturally present 
themselves in the proof by projection, these might well be regarded as 
the fundamental formulae of the spherical triangle. They are the forms 
used by Chauvenet throughout his work on Astronomy, and are readily 
adapted to logarithms by putting 

cos&=rcos0, smftcos A=rsin0, 
cosa=rcos (c-^),! 
sin a cos B =r sm (c - ^). / 


whence follow 


( 22 ) 

.... (23) 
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It has, however, always been customary in English treatises on 
bphencal Trigonometry to place (21) among the standard formulae 
instead of (19). 


Case IV. — Three angles and a side. 

54. To express the cosine of a side of a triangle in terms of sines 
and cosines of the angles. 

In the formulae of Art. 42 we may, by Art. 28, change the 
.sides into the supplements of the corresponding angles and 
the angle into the supplement of the corresponding side , thus 
eos(w - A) = cos(w - B)cos(w - C) + sin(w- B)sin(w-C)cos(w-a), 
that IS, cos A = - cos B cos C + sin B sin C cos a. ■) 

Similarly cos B = - cos C cos A + sin C sin A cos 6, I (24)* 

and cosC= -cosAeosB + sinAsinBcosc.J 

55. The formulae in Art. 49 will of course remain true when 
the angles and sides are changed into the supplements of the 
corresponding sides and angles respectively ; it will he found, 
however, that no new formulae are thus obtained, but only the 
same formulae over again. This consideration will furnish 

some assistance in retaining those formulae accurately in the 
memory. 


56. To express the sine, cosine, and tangent, of half a side of a 
triangle as functions of the angles. 

We have, by Art. 54, ^ ^ B cos C . 

„ sin B sin C ^ 

therefore 


cos A + cos B cos ^ cosA + cos (B 4 C). 
sin B sin C sin B sinC ^ 

therefore cos I (A + B + C) cos ^ ( B + C - a) . . 

2 sin B sin C 

* These formulae were first published by Vieta m 1695, in the eighth 
booh of his Variorum de rebus mathematicis responso^mm. 
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Let 2S = A+ B + C ; then B + C - A= 2(8 - A), therefore 


• nCb 

sin^~ = 


and 


cos 8 cos (S- A) 
sin B sin C ’ 


- 4 [ 


COS 8 COS (8 - A) 

sin B sin C 


}■ 


.(26) 

.(27) 


^ COS A + COS B COS C cos A 4- cos (B- C) 

Also 1 + cos = 1 + ^ i 

Sin B sin C sin B sin C 

therefore 

cos^(A-- B + C)cos.](A+ B - C) _ cos(S--B)cos(S-C) 
sin B sin C ”* sinBsmC 


cos 


and 

Hence 


Cl ^ I f cos(8 - B)cos(8 - C) 
sin B sin C 

cos 8 cos (8 - A) 


N{ 


>(28) 
} (29) 


-c)/- 


(30) 


cos (8- B)cos(8- 
The positive sign must be given to the radicals Avhich occur 
in this Article, because ^ is less than a right angle. 

The expressions of this Article may also be obtained imme- 
diately from those given in Art. 50 by the method of Art. 28. 


57. It may be remarked that the values of sin Ja, cos^a, and tan^a 
are 7 ^eal. For it has been shewn in Art, 32 that 28, the sum of the 
angles of the triangle, is greater than two right angles and less than 
SIX , hence S is greater than one right angle and less than three, and 
accordingly cos 8 is negative. Again, in the polar triangle, any side is 
less than the sum of the other two, and these sides are the supplements 
of A, B, C ; thus tt - A is less than tt - B -}- tt - C ; therefore B + C - A is 
less than tt, and consecxuently 8 - A is less than Jtt. Also, as A cannot 
exceed tt, B + C-A is algebraically greater than -tt, so that 8 -A is 
algebraically greater than - ^tt. Thus 8 - A lies between - and 
and therefore cos (8 -A) is positive Similarly, also, cos(8-"B) and 
cos (8 - C) are positive. Hence the expressions found above for sni'^ia, 
cos-^a, and tan'-^^a are positive, and have real square roots. 
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58. Since sin a = 2 sin ^ cos we obtain 

A Ji 

We shall use N to denote 

{- cos S cos (S - A) cos (S - B) cos (S - C) } ♦ 

59. The properties of supplemental triangles were proved geometri- 
cally m Art. 27, and by means of these properties the formulae m Art. 
54 were obtained ; but these formulae may be deduced analytically 
from those m Art. 44, and thus the whole subject may be made to 
depend on the formulae of Art. 44. 

For from Art 44 we obtain expressions for cos A, cos B, cos C ; and 
from these we find 

cos A -f- cos B cos C 

^ (cos a — cos b cos c) sin^a -f (cos b - cos a cos c) (cos c — cos a cos b) 
sin'-^a sm 6 sin c 

In the numerator of this fraction write l“Cos% for sin^a; thus the 
numerator will be found to reduce to 

cos a ( 1 - cos^a - cos^6 - cos^c -f- 2 cos a cos h cos c), 

and this is equal to cos a sin B sin C sin^a sm h sin c (Art. 46) ; 

therefore cos A + cos B cos C = cos a sm B sm C 

Similarly the other two formulae of the same type may be proved. 

Thus the formulae in Art. 54 are established ; and therefore, without 
assuming the existence and properties of the Polar Triangle, we deduce 
the following theorem . If the szdes and aiifjhs of a spherical triangle be 
changed respectively into the mpplements of the corresponding angles and 
sides, the fundamental formulae of Art. 4Ahold good, and therefore also 
all results deducible from them. 


* Tlie various expressions representing the value of N were obtained 
by Lexell {Acta Pctropolitana, 1782, p 49). 


L.S.T. 


c 
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Section IL 

Formulae involving five or six elements. 

60. Napier’s analogies.* 
tTcr sill A sin B 

We have — = -^—r = m suppose ; (32) 

sm smo ri ^ \ / 

and accordingly 

sin A-hsin B = m(sina + sin &), (33) 

sin A - sin B = vi(sm a - sin 5) (34) 

Now cos A + cos B cos C = sin B sin C cos = m sin C sin b cos a, 
and cos B + cos A cos C == sin A sin C cos & = m sin C sin a cos b, 

therefore, by addition, 

(cos A + cos B)(l-f cosC)=msinCsin(^5^ + 6); (35) 

therefore by (33) we have 

sin A + sin B __ sin a + sinb 1 + cos C 
cos A + cos B sin {a + b) sin C ’ 

that is, tan 4 (A + B) = ~ cot 4C (36) 

’ ^\ / cos4(c&+5) ^ ^ ' 

Similarly from (35) and (34) we have 

sin A - sin B _ sin - sin b 1 + cos C 

cos A + cos B sin(r& + &) sinC ’ 

that is, tan ^ (A - B) = cot iC (37 ) 

By substituting in (36) and (37) the elements of the polar 
triangle, -we obtain further 



+ 6 ) 

■^The formulae known by this name were discovered by Napii^e, and 
published by him in 1614 in his MiT%Jic% Loganthmorum canonic de- 
scriptio, e^usque ustis in utraque trigonom&tna. 



§ 62 ] TORMULAE OF THE TRIANGLE. 35 

The formulae (36), (37), (38), (39) may be put m the form 
of proportions or analogies, and are called from their dis- 
coverer Napier’s Analogies; the last two may be demonstrated 
without recurring to the polar triangle, by starting with the 
formulae of Art 44 


61. In equation (36) of the preceding Article, cos 
and cot^C are necessarily positive quantities, hence the 
equation shews that tani(A+B) and cos J (a + 5) are of the 
sam.e sign, thus ^(A-hB) and |■(a^-&) are either both less than 
a right angle or both greater than a right angle. This is 
expiessed by saying that J(A-f B) and \{a + h) are of the same 
affection. 


62. Another proof of Napier*s analogies. The proof of 
Article 60 starts from the fundamental formulae of the 
triangle. If use be made of the expressions for the tangents 
of the half angles in terms of the sides obtained in Art. 50, 
a shorter proof may be given 
For from these expressions it follows that 


tan I A tan I B = (40) 

and similarly for the other products of tangents. Hence, on 
substituting in the right-hand side of the identity 


tan|(A-i- B)tan|C = 
we get 

tan|(A-f B)tan|^C = 
and similarly 


t an|Btan^C-ftanj|Ctan^A 
1 -tan|-Atan JB ’ 

sin(g-a)-f -J) ^ cos 

sin s - sin (s - c) cos| (a + b)’ ' 


tanJ(A-B)tanJC = i^iIil4). ... 

' ^ sin i^(a+b) 

These correspond to results (36) and (37) above. 


• -(42) 
Results 
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(38) and (39) may be obtained by a similar use of the expres- 
sions for the tangents of the half sides in terms of the angles. 


63. Delambre’s analogies. In the identity 

sin |(A + B) = sin I A cos B + cos | A sin ^ B, 
substitute the expressions obtained in Art, 50 for the sines 
and cosines of the half angles. 

Thus, sin i (A + B) = - ^) + sin (s - a) j sinJmn(s-c) 

sine M sinasini 

sin (s - 5) -I- sin (s - a) 

= : L cos I C, 

sm A ^ ’ 


and so 


sin |(A-i- B) _ cos| (a~5) 

cos C cos J c 

In a precisely similar manner it may be shewn that 
sin i (A - B) _ sin l{a-h) 

cos J C sin ^ c ’ 

cos I (A -f B) __ cos |(a -f- h) 

sin^C “ cos Jc ’ 

cos ^ (A - B ) _ sin J (a -1- &) 

sin^C "" sin^c 


,(43) 

.(44) 
...(45) 
. .(46) 


Th-ese formulae are sometimes, but improperly, called Gauss’s 
Theorems ; they were first discovered by Delambru. They were 
published almost simultaneously by Gauss {Theoria motm corforum 
coelestmm, § 54), Delambre {Gonnaissance des Terns, 1809, p. 4^3), and 
Mollweiue (Zach’s Monatliche Gort espondenz, 1808, p. 394) See the 
Philosophical Magazine for February, 1873. 


64. Napier’s analogies may be derived from those of Delambre 
simply by division. Thus if the sides of equation (4C) be divided by 
the corresponding sides of equation (45), Napier’s third analogy is 
obtained. 


Delambre’s analogies may be derived from those of Napier as 
follows. Squaring Napier’s first analogy, (36), and adding unity to 
each side of the resulting equation, we get 


, D^_cos2J(a--6)cos2^C + cos2i(a + ^))s^n2^C 
sec i(A + B)- + ^ ’ - 


( 47 ) 
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Q are right angles, the triangles AVP, BVQ are equal in 
respects 

Hence it will be seen that 

VAP=VBQ = |(A-~B), ^ 

VAiVl-VBM= i(A+B) 
also, since CP=CQ, 

BQ = AP = i + &)) CQ = CP = ^ — 5). . . i 

Now AVP= BVQ ; adding AVQ to both, QVP= BVA, these 
angles being bisected bj VC and VM. Hence, applying 
formula of Art. 54 to the right-angled triangles VMA, VPC, 

AAA A 

cos AM sm VAM = cos M VA = cos CVP = cos CP sin VCP, 
that IS, cos|csinJ(A-hB) = cosJCcosi‘'(fl^-6), i 

the first of Delambre’s formulae. 

Again, applying the formulae of Art 49 to the right-aii| 


triangles AVP, CVP, wo get 

smi(a + &) cot VP = cot|(A~ B), < 

sin^(a - /^)cot VP=:cot^(7r- C) ; < 

di vidinjj;, + = tan -JC tan i (A - B), ( 

and this is the second of Napier’s analogies 


The remaining formulae can ])e derived from the same ^ 
struction, or an analogous one in which the angle C is bisc^ 
iniermlhj. 

In connootion with Dklambkk’s analogies, (43)-(46), it is worfcli 
remark that the first and fourth are derivable from one another 
method of Art. 28, The stjcond and thii’d are unaltered by substitx. 
of the olements of the polar triangle ; they are, however, deri'v 
from one another by substitution of the elements of a colunar triata 
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ca% he draw ft only two arcs wlmh are equal to each other, and these 
make equal angles with the shortest arc, on opposite sides of it. 

This follows readily from the preceding Article. 

69. Eeidt's analogies. . 

From Delambre’s analogies we can deduce four others 
which may be used in the solution of triangles , they are 
given by Dr. Friedrich Reidt in his Sammlung von Ausgahen 
aus der Trigonometric und Stereometne, 1872.* 

In demonstrating them it is convenient to make use of the 
following abbreviated notation : 

A + a = 45, B + 6==4s', 0 + 0 = 45",) 

A -a -id, B-b = id', C-c~4d".j ^ 

From Delambre’s second analogy, Art 63, (44), we obtain 
cos - sin _ sin (A - B) - sin I (a - h) . 

cos + sm ^0 sin -^-(A - B) + sin ^{a - 6) ’ ' ’ ' / 

and, when in this we substitute sin(90'’-iC) for cos|-C, it 
readily reduces to 

tan(45'’ - 5")cot(45'' = cot(5 - 5')tan(^-ti!'). (59) 

In like manner Delambrr’s third analogy is equivalent to 
tan (45° - 5 ") tan (45° “ d") — tan (5 + 5 ') tan {d + d'), (60) 

while similar treatment reduces the first and fourth to 

tan d" tan 5 " = tan(45° - 5 - d') tan (45° - c? - s'). . . (61) 
and tan d" cot 5 '' = tan(45° - 5 + d') cot (45° -d -{■$') ... (62) 

F'rom these we obtain other formulae by multiplication and 
division. Thus multiplication of the corresponding sides of 
(59) and (60) gives 

tan^(45° -^ 5 ") = cot(5-5')tan(5 + .s')tan(rZ - dZ')tan((i + (Z'), (63) 
and division gives 

tan"'(45° - df') - tan (5 - 5 ') tan ( 5 + 5 ') cot (^^ - 6?')tan(^? + d'). (64) 

^ Eon fill Edition, Vol. I, § "M, p. 232. Cf. 8EKii-ET, TrmU de 
TrUjoiiomiine, § 123. 
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Similarly from (61) and (62) 

tanV tan(45“ -s~ ^?')tan(45° - s 4* tan(45'’ - d- s') 

tan(45° + d^-6'), (65) 

tanV'~tan(45‘’ - 5 - c?')tan(45® + 5-c?')tan(4r>° -d- s') 

tan(45'’ -6^-i- /) . (66) 

These last four relations are Reidt’s analogies. 

In connection with the ambiguous case in the solution of 


spherical triangles (see Art. 109) it is important to notice the 
result of applying the formulae just obtained to a second 
triangle whose elements a, 5, and A are the same as those 
of the original triangle, but whose angle opposite to the side h 
is 180® - B. If C' and o' be the third angle and the third 
side, formulae (65) and (66) give * 
tan^l (O' - o') — tan {s' - s) cot {s' + s) tan {d' - d) tan (d' + c?), (67) 
tan2J(C' 4* c) = tan(s' - 5) tan ( 5 ' 4 - s)tan(d' - d)QOi{d' 4- d). (68) 
When a, 6, and B are given, and A has been found, formulae 
(65) and (66) may be used to determine C and c, formulae (67) 
and (68) to determine C' and d. 

70. We shall give another proof of the fundamental formulae 
of Art. 44, which is very simple, requiring only a knowledge 
of the elements of Coordinate Geometry. 

Suppose ABC any spherical triangle, 0 the centre of the 
sphere, take O as the origin of coordinates, and let the axis of 
z pass through C. Let z^ be the coordinates of A, and 

^^ 2 ’ h fhose of B ; let r be the radius of the sphere. Then 


the square on the straight line AB is equal to 

(ajj - 3 : 2)2 + (2^1 - ^ 2)2 + . . .(69) 

A 

and also to - 2r2 cos AOB j (70) 


and 4 y-^ + z^ = r\ + z^ = r^, 

A 

^ 1^2 + + hh == ^ 


thus 


(71) 
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Now make the usual substitutions in passing from rect- 
angular to polar co-ordinateSj namely, 

= '/• cos 0^, == T sm 6-^ cos <j^)p = r sin 0^ sin 1 

thus we obtain 

A 

cos 9 2 cos 0^ -h sin 0^ sin cos (<^i - < 5 ^) 2 ) = cos AO B, . . (7 3) 
that is, in the ordinary notation of Spherical Trigonometry, 

cos a cos h + sin a sin 5 cos C = cos c (74) 

This method, like that of Art. 52, has the advantage of 
giving a perfectly gcmeral proof, as all the equations used are 
nmmrsallij true. 


EXAMPLES I. 

1. If A = a, shew that B and h are 0 (j[ual or supplemental, as also 
C and (\ 

2. If one angle of a triangle be ctiiial to the sum of the other two, 
the greatest side is double of the distance of its middle point from the 
opposite angle. 

3. When does the polar triangle coincide with the primitive triangle ? 

4. If D be the mi<ldlo point of AB, shew that 

cos AC + COS BC ™2 cos ^ AB cos CD. 

5. If two angles of a spherical triangle bo respectively equal to the 
aides opposite to them, shew that the remaining side is the sup})lemcnt 
of the remaining angle ; or else that the mangle has two quadrants and 
two right angles, ami then the remaining aide is ecpial to the remaining 
angle. 

6. In an equilateral triangle, show that 2cosiasin4A=:l. 

7. In an o(pnlateral tiiangle, shew that = 1 - 2 cos A ; hence 

d(‘diice the limits between which the sides and the angles of an equi- 
lateral triangle aic restricted. 

8. In an (ximlateral triangle, shew that sec A = 1 f-scca 

9. If ihv. three sides of a spherical triangle bo halved and a now 
triangh*- formed, the angle 0 b(‘twe<ui the new sides and Jc is given 
by (!<)«{/ cos A H 4 tan 4/1 tan 4<* 
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10. AB, CD are quadrants on the surface of a sphere intersecting at 
E, the extremities being joined by great circles • shew that 

cos AEG = cos AC cos B D - cos BC cos AD. 

11. If 6 + c = T, shew that sin 2B + sin 2C = 0. 

12. If DE be an arc of a great circle bisecting the sides AB, AC of a 
spherical triangle at D and E, P a pole of DE, and PB, PD, PE, PC be 
joined by arcs of great circles, shew that the angle B PC = twice the 
angle DPE. 

13. In a spherical triangle shew that 

sm h sm c -t- cos h cos c cos A= sm B sin C - cos B cos C cos a 

(Oagnoli). 

14. If D be any point in the side BC of a triangle, shew that 

cos AD sm BC=cos AB sin DC + cos ACsin BD. (Cf Art 143) 

15. In a spherical triangle shew that if d, i/' be the arcs of great 
circles diawn from A,'B, C perpendicular to the opposite sides, 

sin a sin 9 = sin & sm 0 = sin c sin 
= /y/( I cos% - cos®6 - cosh + 2 cos a cos h cos c). 

16. In a spherical triangle, if 6, 96, xf/ be the arcs bisecting the angles 
A, B, C respectively and terminated by the opposite sides, shew that 

cot 9 cos JA + cot 0 cos ^B + cot cos JC = cot a + cot h + cot c. 

17. Two ports are in the same parallel of latitude, their common 
latitude being I and their difference of longitude 2\ : shew that the 
saving of distance in sailing from one to the other on the great circle, 
instead of sailing due East or West, is 

2r {X cos I - sin" ^ (sm X cos Z)}, 

X being expressed m circular measure, and r being the radius of the 
Earth 

18. If a ship be proceeding uniformly along a great circle and the 

observed latitudes be at equal intervals of time, m each of 

which the distance traversed is s, shew that 

■jSin + ^o) cos (^1 — ^o) 

,<?=rcos'^ 

sm 1.2 

r denoting the Earth’s radius and shew that the change of longitude 
may also be found m terms of the three latitudes. 
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EXAMPLES II. 

1. 111 any spherical triangle shew that 

2cos4(a + &)cos J(a- 6)tauL4<^ = sm6 cos A + smacos B ; 

and that 

tan^(A-a)tanJ(B+&) = tan4(B --?;)tan i(A fa). 

2. Prove that 

cos a tan B + cos 6 tan A + tan C = cos a cos b tan A tan B tan C. 

3. Given two meridians of a sphere, through a given point on a 

meridian bisecting the angle between them is drawn a variable great 
circle cutting them in the points P and Q , prove that the sum of the 
tangents of the latitudes of P and Q is constant. (R U. 1 , 1898 ) 

4. In a spherical triangle whose sides are each less than 90°, prove 

that an exteiior angle is greater than either of the interior and opposite 
angles. (R. U. 1 , 1893.) 

5. If P is taken in AB, a side of any triangle ABC, such that AP 
equals AC, shew that 

sill c cos CP= cos a sin b -f cos h sin (c - b) 

(Sci. and Art, 1895.) 

6. Shew that 

sin c _ / 1 - cos a cos b cos c 

sin C \ 1 + cos A cos B cos C (Sci. and Art, 1897 ) 

7. The sides AB, BC of a spherical quadrilateral ABCD are denoted 
by a, h respectively, and the angle ABD by ^ , shew that 

, - cos a sin 6 - sin a (cos b cos B + co t C sin B ) 

tan r-A 7 ^-7 5 r? -rC,* 

“ cot A sm h + sin a(cos 6 sin B - cot C cos B) 

(Sci and Art, 1898 ) 

8. If corresponding angles of a triangle ABC and its polar triangle 
are equal, shew that 

see® A + sec® B H- sec®C + 2 sec A sec B sec C = 1 

(Sci and Art, 1898.) 

9. If A=a, shew’ that 

-1 ton jf6«^tan-ic 

1 -tanj?; tanje* (Sci. and Art, 1899 ) 

10. If the sum of two angles of a spherical triangle is less than tt, 
show that the sum of the opposite sides is less than the semi- circumfer- 
ence of a great circle 
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11. Prove that in any triangle 

sin(A + B) cos a + cos 6 
smC “ 1 + cosc 

[Morgan Jenkins {Messenger of Mathematics, XVII, p. 30) regards 
this as a fundamental formula of the triangle, and deduces from it the 
analogies of Napier and Delambre.] 

12. L, L', L", L'" are four points on a sphere, and A is the angle 
between the arcs LU and L"L'" Shew that 

cos LL" cos L'L'*' - cos LL'" cos L'L" = sin LL' sin cos A 

(Gauss.) 


CHAPTER IV 


SOLUTION OF RIGHT-ANGLED TRIANGLES. 

71. In every splierical triangle there are six elements, 
namely the three sides and the three angles, besides the 
radius of the sphere, which is supposed to be a known constant 
The solution of spherical triangles is the process by which, 
when the values of a sufficient number of the six elements are 
given, we calculate the values of the remaining elements It 
will appear, as we proceed, that when the values of three of 
the elements are given, those of the remaining three can 
generally be found We begin with the right-angled triangle : 
here two elements, in addition to the right angle, will be 
supposed known. 

72. The formulae requisite for the solution of right-angled 
triangles may bo obtained as particular cases of the formulae 
of the preceding chapter, by supposing one of the angles a 
right angle, as C for example. They may also be obtained 
very easily in an independent manner, as we shall now shew. 

73. Formulae of the right-angled triangle. Let ABC be a 
spherical triangle having a right angle at C; let O be the 
centre of the sphere. 

Draw the tangent at B to the great circle BC ; this tangent 
lies in the plane BOC of the great circle, and will therefore 
moot OC produced ; let the point of intersection be denoted 
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Ami, Ity !iy|H»thoKi,% tln'» piano ADC in porpomliotilar to tho 
pliino BOO. Honoo tho lino AC, hoin^^ llio iiitormu-iion I ho 
jiiiirn'K AOC aial A’BC', in porpimiinmlar to tlio piano BOC» 
Tlioroforo tho atodoH OO'A ami BC'A an* ri-!it. Thm ilio 
iliayram ooafaiiH four ri!,:hf anyltn! frmu^loM A’BC', A'OC\ 
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<*<|U4l roipoft it oly tt» tin* t^lomonla ti, /t, a, ami r of t In* Mphorioal 
fiiait|;lo. 
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Cos B = 


OB tan a 
BA'"” OB BA' tan c’ 


that is, 

tan a = cos Btan6*;1 

similarly 

tan 6 = cos A tan c J * *“ 
^ C'A' C'A' OC' tan 5 

® “ BC' ” OC' * BC' " sin a’ 

that is, 

tan & = tan Bsina;"| 

similarly 

tan a = tan A sin b. f 


( 3 ) 


'by (1); 


Multiply together the two formulae (4) ; thus, 

„ tan a tan J 1 1 /i\ 

tan A tan B = j = by (1) ; 

sin a sin o cos a cos o cos c ^ ^ 

therefore cos c — cot A cot B (5) 

Multiply crosswise the second formula in (2) and the first 

m (3) ; thus, sin a cos B tan c = tan a sin A sin c ; 

therefore cos B = = sin A cos o, by ( 1 ). 

COSCfc ^ J \ / 


Thus cos B = sin A cos 6 / 0 ^ 

similarly cos A = sin B cos a. / 

These six formulae comprise ten equations ; and thus we can 
solve every case of right-angled triangles. For every one of 
those ten equations is a distinct combination involving three 
out of the five quantities a, h, c. A, B ; and out of five quantities 
only ten combinations of three can bo formed Thus any two 
of the five quantities being given and a third required, some 
one of the preceding ton equations will serve to determine 
that third quantity. 

A thrco-dimonsional model* of the diagram of this Article may be 
made simply as follo'W s. On a piece of stiff paper describe a circle with 
centre O and radius equal to that of the sphere. Mark on the circum- 

A A A 

forence points B, C, A, B^, such that BOC, COA, and AOBj are equal to 
tho elements a, h, c of the spherical triangle. Draw tangents BC^ B^A' 


* Suggested by Prof. (J H. Bryan. 
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meeting OC, OA in C', A' respectively Now cut the paper along the 
lines OB, BC', C'A', A'B^, B^O, make creases along OC' and OA', and 
bend up till OB and OB^ coincide. 

74. As we have stated, the above six formulae may be 
obtained from those given in the preceding chapter by sup- 
posing C a right angle. Thus, (1) follows from Art 44, 
(2) from Art. 46, (3) from the fourth and fifth equations of 
Art. 49, (4) from the first and second equations of Art. 49, 
(5) from the third equation of Art. 54, (6) from the first and 
second equations of Art. 54. 

Since the six formulae may be obtained from those given 
in the preceding chapter which have been proved to be 
universally true, we do not stop to shew that the demonstra- 
tion of Art 73 may be applied to every case which can occur; 
the student may for exercise investigate the modifications 
which will be necessary when we suppose one or more of the 
quantities 5, c. A, B equal to a right angle or greater than 
a right angle. 

75. Certain properties of right-angled triangles are deducible 
from the formulae of Art 73. 

From (1) it follows that cosc has the same sign as the pro- 
duct cos a cos h ; hence either all the cosines are positive, or 
else only one is positive. Therefore i% a 'tight'angled tnangle 
either all the three sides are less than quadiants, or else one side is 
less than a quadrant and the other two sides are greater than 
quadrants. 

From (4) it follows that tan^i has the same sign as tan A. 
Therefore A and a are either both greater than I-tt, or both less 
than l-TT ; this is expressed by saying that A and a are of the 
same affection. Similarly B and h are of the same affection 

76. Napier’s Rules. The formulae of Art 73 are comprised 

in two rules, which are called, from their inventor, Napier’s 
L.s/r, p 
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Rules of Circular Parts. Napier was also tlio inventor of 
LogarithniSj and the Rules of Circular Parts were first 
published by him in a work entitled M%r^fici Logai'ithmofwm 
Canonis Descriptio.., . Edinburgh, 1614. These rules we shall 
now explain 

The right angle is left out of consideration , the two sides 
which include the right angle, the complement of the hypo- 
tenuse, and the complements of the other angles are called the 
circular parts of the triangle. Thus there are fire circular 
parts, namely, a, Z>, - A, c, Jtt - B ; and these are 

supposed to be ranged round a circle in the order in which 
they naturally occur with respect to the triangle. 



Any one of the five parts may be selected and called the 
middle part, then the two parts next to it are called adjacent 
farts, and the remaining two parts are called opposite parts. 
For example, if Jtt B is selected as the middle part, then the 
adjacent parts are a and ^tt - c, and the opposite parts are 
I and Jtt - A. 

Then Napier’s Rules are the following : 
sine of the middle part = product of tangents of adjacent parts ; 
sine of the middle part = product of cosines of opposite parts 
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77. Napier’s Rules may be demonstrated by shewing that they agree 
with the results already established. The following table shews the 
required agreement : in the first column are given the middle parts, in 
the second column the results of Napier’s Rules, and m the third 
column the same results expressed as in Art. 73, with the number for 
reference used in that Article, 


JtT -C 

sml^TT-c) =tan(^T - A)tan(^'7r ~ B) 
sm (Jtt - c) = cos a cos h 

cosc =cotAcotB. (5) 
cos c = cos a cos 6. (1) 

CO 

1 

sin(j7r ~ B)=tanatan(^7r- c) 
sin (^TT - B) = cos h cos (Itt - A) 

cos B = tan a cot c. (3) 
cosB = cos5 sm A (6) 

a 

sm a = tan b tan (Jt - B) 
sm a ~ cos ( Jtt - A) cos (Jtt - c) 

sm a = tan b cot B. (4) 
sm a = sin A sm c. . (2) 

h 

sm ft = tan (^TT - A) tan cfc 
sm 6=cos(|f7r - B) cos (Jr - c) 

sin b = cot A tan a. (4) 
sm b = sin B sm c (2) 

^TT-A 

sm (^TT - A) = tan h tan (Jr - c) 
sm (iir - A) = cos a cos (Jtt - B) 

cos A = tan b cot c (3) 
cos A = cos a sm B. . . (6) 


The last four cases need not have been given, since it is obvious that 
they are only repetitions of what had previously been given , the 
seventh and eighth are repetitions of the fifth and sixth, and the ninth 
and tenth are repetitions of the third and fourth. 

78. It has sometimes been stated that the method of the preceding 
Article is the only one by which Napier’s Rules can be demonstrated ; 
this statement, however, is inaccurate, since besides this method 
Napier himself indicated another method of proof m his Minjiei 
Loganthmorum Canonis Descnptio, pp. 32, 35, This we shall now 
briefly explain. 

Let ABC be a spherical triangle right-angled at C ; with B as pole 
describe a great circle DEFG, and with A as pole describe a great 
circle HFKL, and produce the sides of the original triangle ABC to 
meet these great circles Then since B is a pole of DEFG the angles 
at D and G are right angles, and since A is a pole of HFKL the angles 
at H and L are right angles. Hence the five triangles BAG, A ED, 
EFH, FKG, KBL are all right-angled , and moreover it will be found 
on eifamination that, although the elements of these triangles ar^ 
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f We will consider, for 

nrfitlrft^F ■ “r^3“ AB ; as the angles at C and G are 

g ngles E IS a pole of GO (Art. 13), therefore EA is the complement 

1 anirAFn ^ “Sl«> therefore 

AED^f tlf ^ 1 ^® complement of the angle BEC, that is, the angle 
mde DF ‘he side BC (Art. 12); and s.mUarly the 

of the anwl Yra ° -ct ^ angle DBE, and is therefore the complement 
ABC as n ’ "^e denote the elements of the triangle 

hvnotr f hare in the triangle AED the 

Ss rTsrr’T A and iw-«, and the 

espectively opposite these angles equal to ^ir - B and It - c. The 

lar?v ft! of AED are therefore the same as those of ABC. Simi- 
shewn +n three of the five right-angled triangles may be 

. hewn to have the same circular parts as the triangle ABC has- 



thSl The theorems in Art. 73, for example (1) and (3); 

fcTT/T f comprised in Napier’s Rules will be 

five tna°n!f T T “ succession to the 

^ w f Thus this method of 

ZimT“® T “ the statement of 

dissimilar properties of one triangle, hut as the statement of similar 
properties of five allied triangles 

79. In Napier’s work a figure is given of which that m the preceding 
Artocle IS a copy, except that different letters are used ; NapiL briefly 
intimates that the truth of the Rules can easily be seen by means of 
this figure, as well as by the method of induction from consideration 
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of all the, casoB whasli can occur. The late T. S. Davieh, in his edition 
of I>r. Hutton’s Gruaw oj MdthvmniiCH , drew attention to Napier’s 
own views and expanded the demonstration by a systematic examina- 
tion of the figure of the preceding Article. 

It is however easy to evade the necessity of examining the whole 
iigure ; all that is wanteil is to observe the connexion between the 
triangle AED and the triangle BAG. For lot represent 

tlu‘ eleinents of the triangle BAG taken in order, beginning with the 
hypotenuHc and omitting the right angle ; then the elements of the 
triangle AED taken in order, liegmmng with the hypotenuso and 
omitting the right angle, are irr- and 

If, therefore, to eharacteriso the former we introduce a now set of quan- 
tities pj, P j, Pj^^ such that | Pi ~ ajj-f-py=:a 5 4"P{5=:-^7r, and that 
p.p~a.j and then the original triangle being characterised by 

Pii Pzt Pi-t Pbi the Htuiond triangle will be similarly characterised by 
/*:n /hf the second triangle can give rise to a third in 

hke maimer, and so on, we see that every right-angled triangle is one 
of a system of five such triangles which are all characterised by the 
(piantities/ij, /ly, p^, p^, always taken in order, each quantity in its 
turn standing first. 

1 he R. L. EnuH pointed out this coimexion botwoon the five 
trianghw, and thus gave the true significance of Napier’s Rules. The 
memoir containing Mr. Ellis’s investigations, which was impuhlished 
when the first edition of the present work appeared, will be found in 
pages 328 335 of P/ie MatMmatical and otfmr writhiUH of JiobeH Ledie 
PJIUh ... Gamhridge, lHf>3, 

Napikrs own method of considering his Hu les was neglected by 
writers on the subject until the. late T . 8. Davies <lrow attention to it. 
Hence, as wc havc^ already remarked in Art. 78, an ('rroneous state- 
ment was made respecting the i<,uh»H. For instance, WoonnotrsE says, 
in his Tritjonometry ; “There is no separate and independent proof of 
these rules;,.,” Airy says, in the treatise on Trigonometry in the 
Phicychpmlui Mdropolitami: “These rules are provcul to he true 
only by shewing that they compr<?hend all the cHpiations which we 
have just found.” * 

* A discussion of Napier’s Rules of (lireular Parts by Prof. E. 0. 
Lovett will be found m the Ihdkfm of tho Animican Madmmitlml 
Hovkty, Hecsond Heries, IV, 1898, p. 252. 8ee also 0. Pund, Utihcf 
BuhHtitutmmgmpfmn in drr Hphiirmhm TnyommotriVy Mittniwngm der 
math* GmelL in Hamhnrip III, 1897 8, p. 290. 
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80. Opinions have differed with respect to the utility of Napier’s 
R ules in practice. Thus Woodhotjse says, “ In the whole compass of 
mathematical science there cannot be found, perhaps, rules which more 
completely attain that which is the proper object of rules, namely, 
facility and brevity of computation” {Trigonometry, Ghap x.). On 
the other hand may be set the following sentence from Aiky's Trigo- 
nometry {Encydoyoidnob Metropoktancu) i “In the opinion of Delamb re 
(and no one was better qualified by experience to give an opinion) these 
theorems are best recollected by the practical calculator in their 
unconnected form.” See Delambre’s Astronomie, Vol. i, p. 205. Pro- 
fessor De Morgan strongly objects to Napier’s Rules, and says 
[Sphericcd Trigonometry, Art. 17) : “ There are certain mnenionical 
formulae called Napier’s Rules of Gircular Parts, which are generally 
explained We do not give them, because we are convinced that they 
only create confusion instead of assisting the memory.” 

81. Solution of right-angled triangles. We shall now 
proceed to apply the formulae of Art. 73 to the solution of 
right-angled triangles. We shall assume that the given ciuan- 
tities are subject to the limitations which are stated in Arts. 
22 and 23, that is, a given side must be less than the semi- 
circumference of a great circle, and a given angle less than 
two right angles. 

In making numerical calculations from the formulae, use is 
made of logarithms. The student who has had practice in the 
solution of plane triangles will be familiar with the use of 
logarithmic and trigonometrical tables ; others are referred to 
the author’s hook on Plane Trigonometry, where a chapter is 
devoted to the subject There is just one caution which it 
seems desirable to repeat here ; namely that the calculation of 
very small angles by their cosines, or of angles near 90° by 
their sines, is to be avoided, as the corresponding tabular 
loganthms vary very slowly. It is preferable to calculate such 
angles by their tangents. 

There are six ca?ses to be considered 

82. Case I — given the hypotenuse c and an anqle K 

Here we have from (3), (5), and (2) of Art. 73, 
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tan I — tan c cos A,' 

cot B = cos c tan A, - (7) 

sin = sin c sin A. , 

Thus h and B arc determined immediately without ambiguity; 
and as a must be of the same affection as A (Art. 75), a also is 
determined without ambiguity. 

It is obvious, from the formulae of solution, that in this case 
the triangle is always possible. 

If c and A are both right angles, a is a right angle, and h and 
B are indeterminate. 

If a prove to be very near to 90“, which is the case when A and c are 
both very near to 90°, one must commence by calculating the values of 
h and B Then a may be determined by either of the formulae 
tan a = sin h tan A, tan a = tan c cos B. 


83, Case II. — Having given a side b and the adjacent angle A. 
Here we have from (3), (4), and (6) of Art. 73, 



Thus c, a, B are determined without ambiguity, and the 
triangle is always possible. 

If B be small, which happens when A is very near to 90° and b is very 
near to 0° or 180°, a is first determined, and then use is made of the 
formula 

. tan h 

tan B= 

sma 


84. Case III . — Having given the two sides a and b. 
Here we have from (1) and (4) of Art. 73, 
cos c =5 cos a cos 

cot A = cot sin 6, [ 

cot B = cot 6 sin a] 


.( 9 ) 
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Tims c, A, B are determined without ambiguity, and the 
triangle is always possible. 


K c be very small, whicli is the case when both a and h are very near 
0 0 or 180 , A and B are first determined, and then use is made of 
either of the formulae 


tan c= 


tan a 
cos B’ 


tan c = 


tan h 
cos A* 


85. Case IV . — Having given the hypotenuse c and a side a. 

Here we have from (1), (3), and (2) of Art. 73, 


COS 5 = 


cos B = 


sin A = 


cos 0 
cos a! 

tan c 
sin a 
sin c* ^ 


• -( 10 ) 


Here 6, B, A are determined without ambiguity, since 
A must be of the same affection as a. It will be seen from 
these formulae that a certain limitation of the data is requisite 
m order to insure a possible triangle ; in fact, c must he 
between a and tt - a in order that the values found for cos h, 
cos B, and sin A may be numerically not greater than unity 
If c and a are right angles, A is a right angle, and h and B 
are indeterminate. 


86. In order to solve the triangle completely by the three equations 
given a ove, it is necessary to look out six logarithms If, however, 
we use other formulae immediately deducible from them, namely, 

tan = + \/tan^(c + a) tan^(c-a), ] 

tan ^B = + 

\sm(c + a) 

tan (45° + -JA) = ± 

V tan ^{c - a)' 


( 11 ) 
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only four logarithms need be looked out The latter forms are, more- 
over, those to he used when 6 or B is very small, or when A is near 90®. 
The signs prefixed to the square roots in the first two formulae are 
positive because p and cannot exceed 90 In the third the sign is 
positive or negative according as a is less or greater than 90° ; for if 
a is less than 90°, so is A, and therefore also 45° + JA. 


87. Case V. — Having given the two angles A and B. 
Here we have from (5) and (6) of Art. 73, 

cos c = cot A cot B, 'I 

cos A 
cos a = -.-— 71 , 
sin B 


, cosB 

cos 6 = . 

sin A 


.(12) 


Here a, h are determined without ambiguity There are, 
however, limitations of the data, requisite in order to insure a 
possible triangle ; for, as cos a and cos h must be less than unity, 
it is necessary that cos A should be less than sin B, and cos B 
than sin A, numerically. Of course if one of these conditions 
is satisfied, so is the other, since sin^ B - cos^ A = sin^ A - cos^ B. 
First suppose A less than 90®, then cos B is to be numerically 
less than cos (90® - A), and hence B must lie between 90® - A 
and 90® + A; next suppose A greater than 90®, th.en cos B is to 
be numerically less than cos (A - 90®), and therefore B must lie 
between A - 90° and 180® - (A - 90®), that is, between A ~ 90° 
and 270° - A. 


Wbon oue of the three sides is found to be so small that it cannot be 
calculated accurately from its cosine, the following modifications of the 
above formulae (requiring only four logarithms) should be used * 

tan 4c = + y — I 

tani(i= +\/tan4(A + B-90°)cot |(B-A + 90°), 
tan 46 = +\/tan4(A+B ”90°) tan4(B- A + 90°). 
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88. Case 'VI.— Having given a side a and the opposite angle A. 
Here we have from (2), (4), and (6) of Art. 73, 


sin c = 


sin a 


sin A’ 

sin b — tan a cot A, ] 
cos A 


,(14) 


sin B = - 


cos a 


Now there is only one angle between 0° and 180° that has 
a given cosine or a given tangent, but there are in general two 
angles having a given sine. Hence an element of a spherical 
triangle is determined uniquely when its tangent or its cosine 
IS known, but (mMgumsly when only its sine is known. In 
the present instance aU three of the sought parts have to be 
interred from their sines, and so there is a treble ambiguity; 
Irom this it might be supposed that there are six different tri- 
angles satisfying the data, but a little consideration shews that 
there are only two. Of course sin a must be less than sin A, 
or the value obtained for sine would be inadmissible When 
t IS requirement is complied with, there are two values ad- 
missible for e; corresponding to each of these there will 
be m general only one admissible value of b, since we must 
have cos e = cos a cos b, an equation determining b by its cosine, 
an erefore uniquely; and hkewise only one admissible 
value of B, since it is determined by its cotangent, and there- 
fore uniquely, from the relation cos c = cot A cot B. 

Thus if one triangle exists with the given parts, there will 
^ m general two, and only two, triangles with the given parts. 
We say m general m the preceding sentences, because if a = A 
there will be only one tnangle, unless a and A are each right 
angles, and then b and B become indeterminate. 

_ It is easy to see from a figure that the ambiguity must occur 
in general. ° 

For, suppose BAG to be a triangle which satisfies the given 
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conditions ; produce AB and AC to meet again at A' ^ then the 
triangle A'BC also satisfies the given conditions, for it has a 
right angle at C, BC the given side, and A' == A the given angle. 

If = A, then the formulae of solution shew that c, h, and B 
are right angles ; in this case A is the pole of BC, and the tri- 
angle A'BC is symmetrically equal to the triangle ABC. 

If a is a right angle, which involves that A also he a right 
angle, B is the pole of AC ; B and h are then equal, hut may 
have any value whatever. 



Certain limitations of the data are requisite in order to insure 
a possible triangle. A and a must have the same affection hy 
Art, 75 , and, in order that the values of the sines given by the 
formulae of solution may be between - 1 and -hi, it is neces- 
sary that sin a be numerically less than sin A ; hence a must be 
less than A if both are acute, and greater than A if both are 
obtuse. 


When any of the sought parts aie such that they cannot be calculated 
with sufficient accuracy from their sines, the following modifications of 
tile formulae of solution should be used 


tan (45° - ± Vtan i (A - cot + a), 

A 


tan (45® - -JZ;) = 


/ sin(A-a) 

/ sin (A + a)’ 


tan (45° - B) = tan -^ ( A ~ a) tan { A + a). 


• (15) 


These supplemental formulae, and those of Case IV, are given hy 
Caonoli.* 


89. Application of Napier’s analogies. Col. Clarke, in his 
work on Geodesy, p. 43, points out that in three of the cases 


Trigonometriay §§ 1030-1035. 
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steafr'’ •"“«>« -y b. cons, deraw. 

Shortened by making use of Napiee’s analogies. 

Writfv for OO"*"' ^ 

0 A, and we iaye from the first two analogies 

cosj^^^ l+tan^(B-V) 

C 08 i(* + 6 ) tan,(A + B)==__|^ 


tan J(A - B) = L -t^nKBAV) 
sm^(a + 6) “1 l+torj(BT^)^ 


.(17) 


(18) 


whence the following, 

tanJ(B-V) = tanAatan 

^ £i^ 1 .yxvjfy 

tan |(B + V) = cot tail | 5 ; (19) 

when these formulae are used to find B and V only two 

A !nd sTe”" If 

end diTO,™®')?”.’/ * *'” “aly obtained, nnltiplieetion 

Stl? 7 ‘J““ “"S i» fe«‘ ‘0 tbo 

lormulae given under Case T. 

^ adjacent angle A be yiven we 

tlClt si'""*'' 

tan |(c H- a) = tan |5 cot |v, (20) 

tan|((;-«) = tanJJtan^V, ( 21 ) 

where again the factors on the nght are only two in number 

«nw’ examples of the numerical 

solution of right-angled spherical triangles. 

Jrf ihiSdt w “Siutr 

thing iL th^ nrecltit ; t with any- 
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tions. Of course, with a small number of decimal places, the difficulty 
of finding a small angle from its cosine, or an angle near a right angle 
from Its sine, will arise more frequently. But the supplemental 
formulae designed to meet such cases may then be employed, and will 
give as close an approximation as is necessary. 


91. Example 1. Gimn 

a ==37" 48 ' 12 ", 5 = 59 '’ 44 ' 16 ", 0 = 90 °. 

To find c we have 

cos c = cos a cos 6, 

L cos 37° 48' 12"= 9 8976927 
L cos 59° 44' 16"= 9 7023945 

Lcosc + 10=19 6000872 
c = 66° 32' 6". 

To find A and B we have 

tan ^(B - V) =tan \a tan \h 
tan J(B -f V) = cot tan Ih, 

where V stands for 90° - A. 

L tan = L tan 29° 52' 8"= 9-7591412 
L tan Ja = L tan 1 8° 54' 6" = 9 -5345452 

L tan i(B + V) = 10-2245960 
Ltani(B-V)= 9-2936864 
4(B + V) = 59° ir45", 4(B-V) = ir 7'30". 

B = 70° 19' 15", V = 48° 4' 15", A=41° 55' 45" 

92. Example 2 Given 

A = 55 ° 32 ' 45 ", C = 90 °, r = 98 ° 14 ' 24 ". 

To find a we have 

sin n. = smc sin A, 

L sin 98° 14' 24"= 9-9954932 
Lain 55° 32' 45"= 9-9162.323 

L sin a 4- 10 = 19 9117255 
a = .54“ 41 '.35". 

To find B we have 

cot B= cos clan A 

Hero cosc is vegntire ; and therefore cot B will he negative, and B 
greater than a right angle. The numerical value of cos r is the same as 
that of cos 81° 4.5' 36". 
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LcosSr 45' 36"= 9 1563065 
L tan 55° 32' 45" =10 1636102 

Lcot(180°- B)-| 10 = 19 3199167 
180°- B= 78° 12' 4" 

B = 101° 47' 56". 

To find h we have tan 6 = tan c cos A. 

Here tan c negative ; and therefore tan h will be negative and 5 
greater than a quadrant. 

L tan 81° 45' 36"= 10-8391867 
Lcos55°32'45"= 9-7526221 

Ltan(180° - ft) + 10=20-5918088 
180°-ft=75° 38' 32" 

5=104° 21' 28" 

93. Example 3. Griven 

A = 46^ 15' 25'^ C = 90°, a = 42“ 18' 45". 

To find c we have 


Lsinc=10+Lsina- Lsin A, 

10 + L sin 42° 18' 45"= 19 8281272 
Lsin 46° 15' 25"= 9 8588065 

Lsinc= 9 '9693207 
c=68°42'59" or 111° 17' 1". 

To find ft we have sin 6 = tan a cot A, 

L tan 42° 18' 45"= 9 9591983 
Lcot46° 15' 25"= 9-9809389 

Lsm ft + 10= 19 9401372 
ft =60° 36' 10" or 119° 23' 50". 

To find B we have sin B= — 

cos a 

Lsin B = 10 + L oos A - L cos a, 
10+ L cos 46° 15' 25"= 19 8397454 
Loos 42° 18' 45"= 9 8689289 


LsinB= 9-9708165 
B=69° 13' 47" or 110° 46' 13". 
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(Retdt, §32, iVo 12.) 


94. Example 4. 

Given c = 37“40'20" 

^(c + a) = 37°40' 16", 
Ltaii4(c+a) =9*88766 
Ltan|(c-a) =5 28763 

Ltan^p =5*17529 

Ltan2(45°-JA)=5 39997 
Ltanp =7‘58765 

Ltan (45'’-^A) = 7 69999 
46 = 0'’ 13' 18' 
45‘’-4A=0‘’ ir 14' 


a = 37° 40' 12", C = 90L 

4(c-a) = 0‘’ 0'4". 
Lsin(c-a)=5 58866 
Lsin(c + a)=9 98563 

Ltan24B =5 60303 
Ltan 4 B =7 80152 
4B= 0“21'46' 
B= 0^43' 32' 
' 6= O'’ 26' 36' 

' A=89°25'32' 


95. Example 5. (Reidt, § 32, JVo 6 ) 

Given ( 1 ^ = 34” 6' 13", A = 34° 7' 41", C = 90°. 


A-a = 0'’ 1'28" 
4(A-a) = 0“ 0'44" 

Ltan 4 (A -a) =6*32903 

L tan 4 (A + a) =9 83088 

Ltan2(45'’-4c) =6 49815 
Ltan2(45'’~4B) = 6*15991 
Ltan (45° -4c) =8*24908 
Ltan (45'’-4B) = 8 07996 
45°-4c=r 1' 0" 
45°-4B = 0'’ 41' 19" 


A + a = 68° 13' 54" 

4 (A + a) = 34° 6' 57" 

L sin (A -a) =6 63006 
Lsm(A + a) =9 96788 

Ltan2(45°-46) = 6*66218 
Ltan (45'’ -4 6) = 8 *33109 

45'’ -46= 1°13'40" 
6=87° 32' 40" 
c=87°58' 0" 
B = 88'’ 37' 22" 


EXAMPLES m. 

Prove the relations contained in Examples 1 to 5 for a triangle ABC 
in whicli the angle C is a right angle 

1. 810 ^ 4 ^ = sin24a cos^ 46 4- cos‘'^ 4 « 

2. tan4(c + a)tan 4(c ~a)=tan246 

3. sin(c - 6) = tan24Asin(c-f 6) 

4. sin a tan 4A - sin 6 tan 4B = sin (a - 6). 

5. sin (r - ft) = sin 6 cos a tan I B, 
sm (c - ft) = tan 6 cos r tan 4 B. 
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6. If ABC be a spherical triangle, right-angled at C, and cos A cos^a, 
shew that if Abe not a right angle, 6 -H c = or ^tt, according as b and c 
are both less or both greater than Itt. 

7. If a, /3 be the arcs drawn from the right angle respectively perpen- 
dicular to and bisecting the hypotenuse c, shew that 

sin® Jc (1 + sin®a) = sin®j8 

8. In a triangle, if C be a right angle and D the middle point of AB. 
shew that 

4 cos® Jc sm® C D = sm®a + sm-6. 

9. In a right-angled triangle, if 5 be the length of the arc drawn 
from C perpendicular to the hypotenuse AB, shew that 

cot 5 = (cot®a -f cot®6 ). 

10. OAAi IS a spherical triangle right-angled at Aj and acute-angled 

at A; the arc ^ great circle is drawn perpendicular to OA, 

then A^Ag is drawn perpendicular to OAi, and so on . shew that 
A«A„^.l vanishes when n becomes infinite ; and find the value of 
cosAAiCosAiAgCosAaAg to infinity. 

11. ABC is a right-angled spherical triangle, A not being the right 
angle : shew that, if A=a, then c and h are quadrants. 

12. If 5 be the length of the arc drawn from C perpendicular to AB 
in any triangle, shew that 

cos B — cosec c (cos®u + cos®6 - 2 cos a cos h cos c)^. 

13. ABC is a great circle of a sphere; AA', BB', CC' are arcs of 
great circles drawn at right angles to ABC and reckoned positive when 
they lie on the same side of it shew that the condition that A', B', C 
should he in a great circle is 

tan AA' sm BC + tan BB' sin CA -I- tan CC' sin AB = 0 

14. Perpendiculars are drawn from the angles A, B, C of any triangle, 
meeting the opposite sides at D, E, F respectively * shew that 

tan BD tan CE tan AF = tan DC tan EA tan F B. 

15. Ox, Oy are two great circles of a sphere at right angles to each 
other, P is any point m AB another great circle OC{=p) is the arc 
perpendicular to AB from O, making the angle OOx{ = (i) with Oic. 
PM, PN are arcs perpendicular to Oo;, Oy respectively . shew that if 
OM=£r and ON =y, 

cos a tan cc -f- sin a tan y = tan_23. 
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16. The position of a point on a spheie, with reference to two great 
circles at right angles to each other as axes, is determined by the 
portions (/> of these circles cut off by great circles through the point, 
and through two points on the axes, each Jtt from their point of inter- 
section • shew that if the three points (^, 0), {6', 0'), {6", (p") lie on the 
same great circle 

tan 0 (tan 6' - tan 6") -i- tan 0' (tan d" - tan 6) + tan 0'Ttan $ - tan O') = 0. 

17. If a point on a sphere be referred to two great circles at right 
angles to each other as axes, by means of the portions of these axes cut 
off by great circles drawn through the pomt and two points on the axes 
each 90° from their intersection, shew that the equation to a great 
circle is 

tan 6 cot a + tan 0 cot /3 = 1 

18. In a spherical triangle, if A = ?, B = J, and C = ~, shew that 

— . o O A 

^ TT 

a -f & -f c = 2 * 

EXAMPLES IV. 


Solve the triangle in the following cases ; 


1. 

Given 

6=137° 3' 48", 

A =147° 2' 54", 

C= 90°. 


Results . 

c= 47° 57' 15", 

a=156° 10' 34", 

B = 113° 28'. 

2. 

Given 

c= 61° 4' 56", 

a= 40° 31' 20", 

C= 90°. 


Results : 

6= 50° 30' 29", 

B= 61° 50' 28", 

A= 47° 54' 21". 

3. 

Given 

A= 36°, 

B= 60°, 

C= 90°. 


Results ’ 

a= 20° 54' 18" 5, 

6= 31° 43' 3", 

c= 37° 21' 38" 5. 

4. 

Given 

a= 59° 28' 27", 

A= 66° 7' 20", 

C= 90°. 


Results : 

c= 70° 23' 42", 

6= 48° 39' 16", 

B= 52° 50' 20". 


or, 

0 = 109° 36' 18", 

6=131° 20' 44", 

B = 127° 9' 40". 


EXAMPLES V. 

1. If ABC be a triangle in which the angle C is a right angle, prove 
the following relations . 

( 1 ) sin^ a + sm^ b - sin = sin^ a sin^ h. 

(2) cos^ A sin^ c = sin (r - a) sin (c -h a). 

(3) 8m2Acos^c=sin(A-a)sin(A-i-a) 

(4) cos'*^ A -f coH^ c ”• cos^ a - cos® A cos® e 

(5) sin (a-i- h) tan |(A + B) - sin (a - h) cot J( A ~ B). 
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( 6 ) 


sm (A+ B) = 


cos 6 + cos g 
1 + cos 6 cos a* 


sm(A- B) = 


cos 6 ~ cos g 
1 - cos 6 cos a 


2. If CD be the great circle drawn through C perpendicular to the 
hypotenuse AB, 

sin^ C D = tan AD tan D B. 


3. A ship starts from a point on the equator and sails in a great 
circle, cutting the equator at an angle of 45° : find how much she has 
changed her longitude when she has reached a latitude tan~^(4). 

(R U. L, 1808.) 

4. A and B are two places in the northern heinisphoro, whose 

latitudes are X and X', and the difference of their longitudes I {where 
I is supposed less than 90°) ; shew that, if a ship sailing by the shortest 
course from A to B increases her latitude the whole way, tan X cot X' 
must not be greater than cos^. (R. U. L, 1898.) 
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SOLUTION OP OBLIQUE-ANGLED TRIANGLES. 

96. The solution of oblique-angled triangles may be made in 
some cases to depend immediately on the solution of right- 
angled triangles; we shall indicate these cases before con- 
sidering the subject generally. 

(1) Suppose a triangle to have one of its given sides equal 
to a quadrant. In this case the polar triangle has its corre- 
sponding angle a right angle , the polar triangle can therefore 
be solved by the rules of the preceding Chapter, and thus the 
elements of the primitive triangle become known.* 

(2) Suppose among the given elements of a triangle there 
are two equal sides or two equal angles. By drawing an arc 
from the vertex to the middle point of the base, the triangle 
is divided into two equal right-angled triangles ; by the solution 
of one of these right-angled triangles the required elements 
can be found. 

(3) Suppose among the given elements of a triangle there 
are two sides, one of which is the supplement of the other, or 
two angles, one of which is the supplement of the other. 

* Quadrantal triangle. The following are the formulae for the quad- 
rautal triangle in which the side c is a quadrant : 


cosC+cos Acos B=0. . 

(i). 

tan B = tan h sin A ) 

• • -w. 

sin B=sm6sinC'| 

(2). 

tan A = tan a sin B / 

sin A=sinasmCJ 

cos C-{-cot a cot&=0. ... 

(5). 

tan A -{-cos h tan CssOl 
tan B -+• cos a tan C = 0 J 

•• (3). 

cos 6 = sin a cos 
cosa=sinZ>cos AJ 

. .. (6). 
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Suppose, for example, that & + c = tt, or else that B + C = tt • 
produce BA and BC to meet at B' (see the first figure to 
Art. 43) ; then the triangle B'AC has two equal sides given, or 
else two equal angles given; and by the preceding case its 
solution can be made to depend on the solution of a right- 
angled triangle. 

We now proceed to the solution of oblique-angled triangles 
in general There will be six cases to consider. 


97. Case I. — Having given the three sides, 
cos a -cosh cos c 


Here we have cos A = 


and similar formulae 


sin h sin c 

for cos B and cos C. These formulae, however, are not in a form 
adapted to logarithms, and would require to be modified by 
the introduction of an auxiliary angle. Thus we may define 
by the relation tan <h = coBC sin h sec a, and the formula for cos A 
- 

sin 6 sin (^) 


then reduces to cos A = 


But this is an unnecessarily lengthy way of arriving at the 
desired results, and it is much better to use some one of the 


formulae already adapted to logarithms which we have in 
the expressions for the sine, cosine, and tangent of half an 
angle given in Art. 50. In selecting a formula, attention 
should be paid to the remarks m Plane Trigonometry, Chap, xn, 
towards the end. 

In navigation, the formula 


sm2 AA = (^-^)si n(s-c) 

^ sin h sin c 


( 2 ) 


is always used; and there are specially prepared tables* 
giving the loprithm of sin2|A, that is, the halved versine (or 
haverstne, as it is called) of A for values of A corresponding 
to every fifteen seconds of arc. An approximate calculation 
can thus be effected with great rapidity. 


See Inman’s Naut%cal Tables, or Ramr’s Practice of Navigaiim. 
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When, however, haversine tables are not available, it is just 
as convenient to use the formula 


tan J-A 




( 3 ) 


/ sm (s - gysin (s - c) 

sin 5 sin {s - a) 

and when it is required to find not one only, but all the angles 
of the triangle, the tangent expression should always be used, 
as it involves looking up the smallest number of logarithms. 
The method of procedure is as follows : 


Put 

\ Sin s ^ ^ 

It will be seen afterwards that r, as here defined, is the 
angular radius of the inscribed circle; but its interpretation 
does not concern us at present. Determine the logarithm 
of tan r, and then use the formulae 


tan JA = 


tan T , - 

riTv = 


tanr 


sin {s - ay 


sin 


{s-h) 


, tan JC = -r 


tan r 


sin (cS* -- c)' 


.(5) 


98. Nnni6rica<l Ezaiinple. Take, for example, the triangle in 
which we have given 

a =70° 14' 20" 

6=49° 24' 10" 
c = 38°46'10". 

The calculation is as follows . 

2s =158° 24' 40" 


3= 79° 12' 20" 
s-a= 8° 58' 0" 
3-5= 29° 48' 10" 


s-c= 

L sin (s - a) =9T927342 
L sin (s- 6) = 9 -6963704 
L sin (3- c) = 9 8119768 


40° 26' 10" 

Ltan iA= 10-1616832 
Ltan4B= 9 6580470 
LtaniC= 9-5424406 


8 7010814 
L sin 3=9-9922465 

Ltan2r= 8 -7088349 
Ltaur=9-3544174 


iA= 55° 25' 38" 
iB= 24° 28' 2" 
4C= 19°13'24" 


A= 110° 51' 16" 
B= 48° 56' 4" 
C= 38° 26' 48" 
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99. Case II . — Having 
Here we have cos(X = 


the three 
cos A + cos B cos C 


with similar for- 


sin B sin C 

mnlae for cos h and cos c, and this may be adapted to logarithms 
by introducing an angle 4> such that tan <^> = cos C sin B sec A ; 


then 


cosa = 


cotCsm(BH-<^) 


( 6 ) 


sin B sin 

It is better, however, to use some one of the expressions for 
the sine, cosine, and tangent of half a side, given in Art. 56. 
Thus a single side may be conveniently calculated from the 
formula 


tanj^» = ^ - 


cos S cos (S - A) 


’cos(S- B)cos(S-C) 

When all three sides are required, the shortest method is as 
follows First define cot R and calculate its logarithm by the 
relation 

cot2 R = - cQs(S-A)cos(S-B)cos(S-C) 

cos 8 ^ W 

and then find h, c from the formulae 

I® = cot|c = — , . ( 9 ) 


’ cos (S - A)’ ^ QQg _ gy 


" cos(S - C)' 

The work should be arranged as in the numerical example 
of the previous Article. The similarity of these two cases to 
one another is obvious. It will be shewn later (Art. 122) that 
R is the angular radius of the circumscribed circle of the 
triangle. 


100. There is no ambiguity in the two preceding cases ; the 
triangles, however, may be impossible with the given elements 


101. Case III. Having given two sides and the included anqle 
(a, C, b). ^ 

By Hapier's analogies 


tan 


^ ( A Hh B) == 


cos ^{^a — 5) 
cos ^(tj + 5) 


cot •^C, . . 


( 10 ) 
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tan-J-(A - B) = ^ cot ; ... ...(11) 

these determine L(A-}- B) and y(A - B), and thence A and B. 

Then c may be found from the formula sin c = ^ : in 

this case, since c is found from its sine, it may be uncertain 
which of two values is to be given to it^ the point may 
sometimes be settled by observing that the greater side of 
a triangle is opposite to the greater angle. Or we may 
determine c from any one of Dklambre’s analogies, for 
instance equation (45) of Art. 63, 


cos v6* 


C 08 ^{a + b) sin-1 c 
cos^-(A+B) ’ 


which gives c without ambiguity. 


....( 12 ) 


102. Numerical Example. Take, for example, the triangle in 
which we have given 

a=68“ 20' 25", 5 = 52'’ 18' 15", C= 117° 12' 20". 

The calculation is as follows : 

|(a - 6) = 8° r 5", 4(a -1- h) = 60° 19' 20", = 58° 36' 10". 

L sin i(a - h) = 9 '1445280 L cos l{a ~ 5) = 9 9957335 

LsmJ(a-l-5)= 9*9389316 L cos 4- 5) = 9'6947120 


9 2055964 
LcotJC= 9*7855690 

Ltan4(A-B)= 8 9911654 
L tan A + B) = 1 0 '0865905 
4(A~B)= 5° 35' 47" 
4(A-l-B) = 50° 40' 28" 
A =56° 16' 15" 
B = 45° 4' 41" 


10 3010215 
LHin4C= 9-9312422 

9*6259542 
Lcos4(A + B)= 9 8019015 

Lco8 4c= 9*8240527 
4c = 48° 10' *22" 
c = 96° 20' 44" 


103 . We can also find c, without previously determining A and 
B, from the formula 

cos c = cos a cos b + sin a sin h cos C, 


(13) 
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which is free from ambiguity. This formula may be adapted 
to logarithms* by introducing an auxiliary angle d defined 
by the relation 

tan0 = tanJcosC; ( 14 ) 

the expression for c then becomes 

eosc = cos J(cosa + sinatan6') = 55i^.^55i±l.^ 

cos 6* ■ ■■■V'-'"/ 

One of the angles may at the same time be determined 
without ambiguity; for if we use the second of the formulae 


of Art. 49 we get 

cotB = ^j^{cotisinffl-cosacosC} (16) 

cote . , 

07 ) 


104. Numerical Example. If, for example, we coDsider the triangle 
which we have just solved otherwise, our first step is to determine 6> 
from the formula tan ^=tan 6 cosC. 

Here cosC is negative, and therefore tan^ will be negative, and $ 
greater than a right angle. The numerical value of cos C is the same 
as that of cos 62° 47' 40". 

L tan 6 = 10 1119488 
L cos 62° 47' 40"= 9*6600912 

L tan ( 180° - d) + 10 = 1 9 *7720400 
180°-^= 30° 36' 33", 
therefore ^ = 149° 23' 27". 


Next we determine c from the formula cosc=^^i^-^^r 

cos^ 

Here cos e is negcUive, and therefore cos c will be negative, and c will 
be g^ter than a right angle. The numerical value of cos 6 is the same 

^alue of 

coa(a - d) is the same as tha t of cos(e - a), that is, of oos 81° 3' 2". 

* Compare formulae (22) and (23) of Art 53. 
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Lcoa6= 9 7863748 
Loos81°3'2"= 9-1919060 


18-9782808 
Lcos30°36'33"= 9-9348319 


Lcos(180°-c)= 9-0434489 
180°-c=83°39'17" 
c= 96° 20' 43" 

Thus by taking only the nearest number of seconds m the tables the 
two methods give values of c which differ by 1" ; if, however, we 
estimate fractions of a second, the methods will agree in giving about 
43J as the number of seconds. 


105. The method of Art. 103 is really equivalent to resolving the 
triangle into the sum or difference of two right-angled triangles. 




From A draw the arc AD perpendicular to CB or CB produced ; then, 
by Art, 73, tanCD=tan/>cosC, and this determines CD, and then DB 
IS known. Again, by Art. 73, 

cos c = cos AD cos DB=cos DB — ^ ; 

cos CD 

this finds c. It is obvious that CD is what was denoted by $ in 
Art. 103. 

By Art. 73, 

A 

tan AD = tan C sin CD, and tail AD = tan ABD sin D B ; 

thus tan AB D sin D B = tan C sin 0, 

where DB = ci-d or 0-a, according as D is on CB or CB produced, 
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and aSd is either B or the supplement of B ; this formula enables us 
to find B independently of A 

Tims, in the present case, there is no real ambiguity, and the triangle 
is always possible. 


106. Case IV. Having given two angles and the included side 
(A, e, B). 

By Napier’s analogies, 


tan i(a + b) = 


ggsi(A-B ) 

COs|(A+B)^ 


.(18) 


= (19) 


these determine i(a + 1) and !(« - J), and thence a and h. 


Then C may be found from the formula sinC-^ — • 
. 1 . . . sinfl^ ^ 

m this case, since C is found from its sine, it may be uncertain 
which of two values is to be given to it ; the point may some- 
times be settled by observing that the greater angle of a 
triangle is opposite to the greater side. Or we may determine 

C from any one of Delambre’s analogies, for instance equation 
(45) of Art. 63, ^ 


sin Ac = 

COS \{a + b) ’ 

which determines C without ambiguity 
exceed 90^ ’ 


( 20 ) 

since l-C cannot 


7® “7 determine C, without previously determining a and 5, 
from the formula cos C= - oosAcos B + sm Asin B cos c. This formula 
may be adapted to logarithms thus . 

cos C = cos B( - cos A + sin A tan B cos c) ; 

as^ntne cot <f > = tan B cos c ; then 


cos C— cos B( - cos A 4- cot </» ain A ) — ^ - (f>) ^ 

J.T.* , sin^ ' 

tms IS adapted to logarithms. 
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® 108. Or we may treat this case conveniently by resolving the triangle 
into the sum or difference of two right-angled triangles. From A draw 
the arc AD perpendicular to CB (see the right-hand figure of Art 105) ; 

then, by Art 73, cos c = cot B cot DAB, and this determines DAB, and 
then CAD is known Again, by Ait. 73, 

^ A 

COS AD sin CAD = COS C, and cos AD sm BAD = cos B j 


therefore 


cos C cos B 
sm CAD ~ sin BAD ^ 


this gives C. 


It is obvious that DAB is what was denoted by (f> in the previous 
Article. 

By Art. 73, 

A A 

tan AD =tan AC cos CAD, and tan AD = tan AB cos BAD ; 
thus tan h cos CAD = tan c cos (p, 

A 

where CAD = A - <5{) ; this formula enables us to find h independently of a. 

Similarly we may proceed when the perpendicular AD falls on CB 
produced (see the left-hand figure of Art 105). 

Thus, in the present case, there is no real ambiguity ; moreover the 
triangle is always possible. 


109. Case V. — Having gmn two ddes and the angle opposite 
one of them (a, b, A;. 

The angle B may be found from the formula 
• sill 5 . ^ 

sm B= . sm A : (21) 

sin a ^ ^ 

and then C and c may be found from Napier’s analogies, 

tan|,C^ gg||;;g cot|(A-B), (22) 

tan Jc = gjtan ^ (a - 6) (23) 

In this case, since B is found from its sine, there will some- 
times be two solutions ; and sometimes there will be no 
solution at all, namely, when the value found for sin B is 
greater than unity. 
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110. When two values of B present themselves, in order 
that either of them should be admissible it is necessary that 
it should yield positive values of tan|C and tan|c, when 
substituted in equations (22) and (23). Now sm^^(a + d) and 
sin |(A+B) are always positive, and and |•(A-B) 

are numerically less than 90” ; accordingly what is required 
reduces simply to this, that and A - B should be of the 
same sign. 

It is not difficult to shew that this necessary condition is also 
a sufficient condition for the existence of a triangle having the 
elements a, A, B. Let C and c be as defined by equations 
(22) and (23). C being by hypothesis less than 180”, a 
triangle can be constructed having the elements a, h, C ; and 
if its remaining elements be called A', B', c% these must satisfy 
equations similar in form to equations (21), (22), and (23). 
Hence it is easy to see that A' = A, B' = B, c' = c, and that 
therefore the triangle so constructed satisfies the original 
data. 

Thus the problem of finding a triangle with the given 
elements has two solutions, one solution, or is impossible, 
according as both, one, or none of the values of B are such as 
to make A-B and of the same sign. We shall return 
to this subject, and examine it in detail, in a subsequent 
Article. 


Given 

6 = 69" 12' 40", A = 44" 22' 10" 


111. Numerical Example. 

a =50" 45' 20", 

The oaloulation is as follows : 

J(a+6)=59° 59' 0", 
Lsm&=9 9707626 
Lsia 01= 9 -8889956 


0 0817670 
LsmA=9-8446525 
LsmB=9-9264195 


4(a-6)=-9°13'40". 

Bi= 67°34'51''-4 
82 = 122 ° 25' 8" -6 
A = 44° 22' 10" 

A-Bi=- 13 ° 12' 41"-4 
A- 63= -78° 2'68"-6 
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There are two solutions, since A - Bj, A - Bg, and a-h are all negative. 


4(Bi-A)= 6°36'20''-7 

4(B2-A)=39° 1'29"-3 

4(Bi+A)=50°58'30"-7 

4(B2 + A)=83° 23' 39"-3 

L sin 4 (6- a) = 9-2050952 

Lsm4(Bj + A)= 9-8903503 

L sin 4(6 + 0 )= 9-9374577 

Lsm4(Bi-A)= 9-0608366 

9-2676375 

0-8295137 

Lcot4(Bi - A) = 10-9362705 

Lsm4(B2 + A)= 9 9971072 

Lcot4(B2- A) = 10 0912464 

Lsin4(B2-A)= 9-7991039 


0 1980033 


L tan 4 (6 - 0 )= 9 2107523 

L tan 4 Ci= 10-2039080 

L tan 10-0402660 

Ltan4C2= 9 3588839 

Ltanjc2= 9 4087556 

4Ci= 57° 58' 55" 3 

^Ci=47°39' 8"-3 

40^= 12" 52' 15" 8 

4c2^14° 22' 32" *4 

ci=115°57'50"-6 

Cl =95° 18' 16" -6 

0^= 25°44'31"-6 

C2=28°45' 4"*8 

112 . We might also treat this 

case conveniently by resolving 

the triangle into the sum or difiPerence of two right-angled 

triangles. 


C 

Tf 

— ^ 

^ ^ i 

> 


Let CA = I, and let CAE = the given angle A ; from C draw 
CD perpendicular to AE, and let CB and CB' = a; thus the 
figure shews that there may be two triangles which have the 

A 

given elements. Then, by Art. 73, cos 5 = cot A cot AC D ; this 

A 

finds ACD. Again, by Art. 73, 

A 

tan CD = tan AC cos ACD, 

A A 

and tan CD = tan CB cos BCD, or tan CB' cos B'CD ; 
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therefore tan AC cos ACD = tan CB cos BCD, or tan CB' cos B'CD ; 

1 . A A ^ 

this finds BCD or B'CD. 

Also, by Art. 73, tan AD = tan AC cos A ; this finds AD. Then 
cos AC = cos CD cos AD, 
cos CB = cos CD cos BD, 
or cos CB' = cos CD cos B'D ; 

therefore cos AC cos CB cos CB' 

cos AD ~ cosBD cos B'D ’ 
this finds BD or B'D. 

113. Beidt s method of solution. When we use the notation 
A + n = 4s, A — a = id, 

B + h = is', B-5=-4d', - (24) 

C + c = 4s", C-c = 4d",j 

we have seen that the first two of Reidt’s analogies (Art. 69, 
equations (63) and (64) ), take the form 

tan2 (45° - s") = cot (s - s') tan (s + s') tan {d - d') tan (d + d'), . . . (25) 

tan2(45° -d") = tan(s - s') tan (s+ s') cot (d - d')tan(d + d'). ...(26) 

When, now, two values of B have been detefmined from the 
sine formula, we may take one of them, say that which is less 
than 90 , and substitute its value in the right-hand members of 
these analogies; from them we can then find the corresponding 
values of s and d", and thence those of C and c. 

The elements C„ and of the other triangle, that which has 
B obtuse, are then derived from equations (67) and ('68') of 
Art. 69, namely, 

tan2d"„ = tan(s - s')cot(s + s')tan(d - d')tan(d ■+ d'), . . .(27) 
tan%"g = tan(s - s')tan(s + s')tan(d - d')eot (d -i- d'). . . .(28) 

pie great advantage of this method is that, once B has been 
determined, only four logarithms have to be looked out to 
complete the solution, instead of six as in the other methods. 
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114. Numerical example. 

Given h = 70° 40', a = 40° 20', 
L sin 5 = 9-97479 
L sin a = 9*81106 
0*16373 
L sin A = 9*80807 
LsmB = 9*97180 
a'= 35° 3' 37" 

(V=: -0° 16' 22" 
s= 20° 5' 
t^=-0° 5' 

L tan (s - ) = 9 427 36 (neg. ) 
Ltan(c^-c^')= 7 51968 
Ltan(s + .s') =10 15710 
Ltan{d + c^')= 7 79364 (neg) 

Ltan2(45°-,s‘") =6*04306 

Ltan2(45°-(i") =9*85842 


Ltan2c^"Q=4*58358 
LtanV'o =9*31050 

L tan (45° -5") = 8 *02153 
Ltan(45°-£^") = 9*92921 
Ltando"=7 29179 
L tan 5o" = 9 655*25 


(Reidt, §37, No. 3.) 

A =40°.. 

Bi= 69° 34' 30" 
62 = 110 ° 25' 30" 


s-s'= -14° 58' 37" 
d-d'= 0‘'11'22" 

s + s'= 55° 8' 37" 
d-{-d'=~ 0°21'22" 
45° - s"= 0° 36' 7" 
45°~d"=40° 21' 2" 
90° - 2a"= 1° 12' 14" 
90°-2tZ"=80°42' 4" 

2s"=88° 47' 46" 
2(i"= 9° 17' 56" 

C=98° 5' 42" 
c=79° 29' 50" 


or d"o= 0° 6' 44" 
s"o=24° 19' 42" 


M\= 0° 13' 28" 

2s"o=48° 39' 24" 

Co =48° 52' 52" 

Co=48° 25' 50" 

115, If B cannot be determined with sufficient accuracy from its sine, 
the following formula may be used . 

sin a sin2(45° - ^B) = cos J (a + 5) sin ^ (a - 5) + sin 5 sm2(45° - JA). (29) 


116. Case VI . — Having given two angles and the side o^^osite 
one of them (A, B, a). 

This case is analogous to that immediately preceding, and 
gives rise to the same ambiguities. The side b may bo found 
from the formula 


sin 


sin B sin a 
sm A ^ 


(30) 
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and then C and c may be found from Napier’s analogies, or 
preferably from Reidt’s analogies. The formulae are the same 
as those used in solving Case v. 

117. The ambiguous ease. We now return to the considera- 
tion of the ambiguity which may occur in the fifth case of this 
Chapter, namely, when two sides are given and the angle 
opposite to one of them. We want to learn how we can infer 
from inspection of the given elements whether we are to 
expect two solutions, one solution, or none. 

The simplest way of making the investigation is to regard 
the construction of the triangle as a problem in practical 
geometry. A straightforward method at once presents itself, 
which must effect the desired construction if the triangle be a 
possible one ; and when this method fails the significance of 
the failure becomes apparent. 





The given elements being A, &, a, we may, since we are 
concerned only with the shape and not with the position of 
the triangle, take any great circle ADA'D' as one of the great 
circles forming the angle A, and any point A on it as the 
vertex of that angle. We then draw the great circle AEA', 
making the required angle with the first, and measure on it 
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the arc AC equal to the given value of h. A and C are two 
corners of the triangle, and we want to find the third corner B, 
which we know lies somewhere on the first great circle. 

Now the angular distance between B and C is a known 
quantity, namely the given value of a; and therefore B 
must lie on the small circle whose centre is C and radius a. 
Accordingly, to construct the triangle, it is only necessary to 
describe this small circle, for B must be one or other of its 
points of intersection with the great circle ADA'D'. 

The construction altogether fails when the two circles do 
not meet, and then no triangle exists with the given elements. 
This happens when the radius a of the small circle is less than 
the least, or greater than the greatest, angular distance of the 
point C from the great circle ADA'D'. Now we know from 
Art. 68 that, if DCOD' be the great circle joining C to the 
pole O of the first great circle, and if C lie between O and D, 
CD is the least and CD' the greatest are drawn from C to the 
circumference of that circle. The angles at D and D' are 
right angles, and from the triangle ACD it is seen that 
sin CD = sin 6 sin A, while the sine of the supplement CD' has 
the same value. Thus there is no solution when a is greater 
than the greater, or less than the less, of the two supple- 
mentary arcs whose sine equals sin b sin A, or in other words, 
when sin a is less than sin b sin A. 

When the circles do intersect, say in Bj and B^, the triangles 
ABjC, ABgC may be solutions of the problem, or they may not. 
This depends on whether they satisfy the restriction contamed 
in the definition of a spherical tnangle, that each side shall be 
less than a semicircle. If the side ABj, meamredfrom A almg 
that one of the ares ADA', AD' A' which is an aim of the given angle A, 
be less than two nght angles, then AB^C is a triangle satisfying 
the data ; but if the arc ABj^, so measured, be greater than a 
semicircle, then the triangle AB^C is not a solution of the 
problem The same test must be applied to B„. 

I4 S T y ^ 
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For example, in the above figure, if A be an acute angle it 
is the angle between the arcs AEA' and ADA', and therefore 

or Bg will yield a solution only if it he on the arc ADA'. 
In the figure as drawn both and Bg comply with this con- 
dition, and so there are two solutions. If the intersections 
of the great and small circles were situated as Bg and B^, 
then Bg would give a solution, but would not. On the 
other hand if the given value of A be obtuse, it is contained 
by the arcs AEA', AD'A', and so positions of B are only 
admissible provided they lie on the arc AD'A'. Thus if 
Bg and B^ be the intersections of the great and small 
circles, there is only one solution, namely that corresponding 
to B^; if and Bg were the intersections of the circles 
there would be no solution, since both these points are now 
inadmissible. 

If Bj coincided with A the triangle would vanish, if Bg 
coincided with A' the triangle would become a lune ; neither 
of these can be classed as a solution. Coincident solutions 
occur when B^^, Bg, being both admissible, coincide , this would 
be the case if A were acute and a equal to CD, or if A were 
obtuse and a equal to CD'. There is an infinite number of 
solutions when the great and small circles coincide, that is, 
when C is at O, and a is a right angle. 

It will now be easy, by means of the following figure, to 
examine every case that can arise, and determine the number 
of solutions which it admits of. 

The more lightly drawn circles in the diagram are the small 
circles having centre C and radius h , there are nine of them, 
typical of nine values of h and representing nine different cases. 
Each circle is denoted by a number, and the same number is 
prefixed to the corresponding case in the catalogue of results. 
For any particular case we have only to look at the circle 
bearing the corresponding number, see in how many points 
it meets the great circle ADA'D', and whether such points 
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lie on the particular semicircle on which admissible values 
of B must bo situated 



I Let 5 <90°. 

(a) If A <90°. 

Admissible positions of B are confined to ADA'. 

(1) Cl < CD, no solution. 

(2) ci=CD, • - “ - two coincident solutions. 

(3) a>OD, <h, two solutions. 

(4, 5) a >6, <180°- &, - « - one solution. 

(6, 7, 8, 9) a>180° " no solution. 
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(/3) If A = 90°. 

In this class of cases A coincides with D, and CD = k Either 
of the semi-circles AA' may be taken as the range of admissible 
positions of B, but not both 

(1, 2, 4) no solution. 

(5) < 180-5, - - - one solution. 

(6, 8, 9), 6)^ > 180° - 5, - - - no solution. 

(y) If A >90°. 

Admissible positions of B lie only on AD'A'. 

(1, 2, 3, 4) a::<5, - - - - no solution, 

(5, 6) a >5, :< 180°- 5, - - - one solution. 

(7) a>180°-5, <CD', - - - two solutions. 

(8) a = CD', - - - - two coincident solutions. 

(9) a>CD', - no solution. 

IL Let 6 >90°. 

We now take the vertex of the triangle at A' instead of A, 
and h is the arc A'C. 

The table of results is derived from that of Class I by 
substituting 180° - 5 for 5, and 5 for 180° - b. 

III. Let 5 = 90° 

The arcs CA, CA are now equal, and circles 4, 5, and 6 
become coincident. A = CD or CD', according as it is acute or 
obtuse. 

(a) If A <90°. 

(1) a<A, no solution. 

(2) " a = A, - - - - two coincident solutions. 

(3) a>A, <90°, two solutions 

(6, 7, etc.) a >90° . - _ > no solution. 

(/?) If A = 90°. 

C coincides with 0. Circles 2, 3, 4, 5, 6, 7, 8 coincide 
with the great circle. 

(1) a <90°, no solution. 

(2, 8) a =90°, - - infinite number of solutions. 

(9) a >90°, no solution, 
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(y) If A >90°. 

( 1 , a 

(7) a>b, <A, 

(8) a = A, - 

(9) a>A, - 


no solution. 
- two solutions. 
- two coincident solutions. 

no solution. 


The student will find it advantageous to make a special 
diagram for Class III. 


118. The ambiguities which occur in the last case in the 
solution of oblique-angled triangles may he deduced from 
those of the previous case by means of the polar triangle. 


EXAMPLES VI. 

1. The sides of a triangle are 105°, 90°, and 75° respectively: find the 
sines of all the angles 

2. Shew that tan JA tan Solve a triangle when a side, 

sin s 

an adjacent angle, and the sum of the other two sides are given. 

3. Solve a triangle having given a side, an adjacent angle, and the 
sum of the other two angles. 

4. A triangle has the sum of two sides equal to a semi- circumference : 
find the arc joining the vertex with the middle of the base. 

5. If a, b, c are known, c being a quadrant, determine the angles : 
shew also that if d be the perpendicular on c from the opposite angle, 
cos^S = cos^a + cos^?;. 

6. If one side of a spherical triangle be divided into four equal parts, 

and dj, ^2, 6^ be the angles subtended at the opposite corner by the 

parts taken in order, shew that 

sin + ^2) sin 9^ sin 9^ = sm (^g + ^4) sin 9i sin 9^, 

7. In a spherical triangle if A = B=2C, shew that 

8 sm (a 4- Ifc) sin^ic cos Jc = sin®a. 

8. In a spherical triangle if A=B=2C, shew that 

8 sin^JC (cos s -}- sin JC) cos |[C = cos a. 
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9. If the equal sides of an isosceles triangle ABC he bisected by an 
arc DE, and BC be the base, shew that 

sin JDE=^sin JBC sec JAC. 

10. If Cl, Cg be the two values of the third side when A, a, b are 
given and the triangle is ambiguous, shew that 

tan Jci tan Jcg = tan J (6 - a) tan J (6 + a). 


EXAMPLES VII. 


Solve the triangle in the following cases . 

1. Given c=90°, a =138° 4', 

I^es^dts. C=113°28'2", A= 142° 11' 38", 


2. Given c=90°, A =131° 30', 

l^eaults. 0 = 109° 40' 20", a = 127° 17' 51", 


6 = 109° 41'. 

B = 120° 15' 51'\ 

B = 120° 32'. 
6=113° 49' 31". 


3. Given a =76° 35' 36", 
liesults, A =121° 36' 20", 

4. Given A =129° 5' 28", 
Results. a=135°49' 20", 


6=50° 10' 30", c=40°0' 10". 

B=42° 15' 13", C=34° 15' 3". 


B = 142° 12' 42", C = 105° 8' 10". 
6 = 144° 37' 15", c= 60° 4' 54". 


5. Solve the triangle having given two sides and the sum of the 
angles opposite to them. 


6. Solve the triangle when the perimeter, the sum of two angles, 
and the third angle are given. 

7. Solve the triangle when the perimeter and two angles are given. 



CHAPTEE VI. 


CIECUMSCRIBED AND INSCRIBED CIRCLES. 

119. The inscrihed circle. To find the angular radius of the 
small circle inscribed in a given triangle. 





Let ABC be the triangle ] bisect the angles A and B by arcs 
meeting at P ; from P draw PD, PE, PF perpendicular to the 
sides. 

Then the triangles PEA, PFA, having their angles at E and F 
right-angles, their angles at A equal, and the side PA common, 
are equal in all respects; in like manner the triangles PFB, 
PDB are equal ; consequently PE = PF = PD. 

And the triangles PCD, PCE, having their angles at D and E 
right-angles, the side PC common, and PD equal to PE, are 
equal in all respects ; hence CP bisects the angle C. 
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Thus the arcs bisecting internally the angles of the triangle 
ABC pass through a common point P ; and the arcs PD, PE, PF, 
drawn from P perpendicular to the sides, are all of the same 
length. This length we denote by r. 

Accordingly the small circle whose pole is P and radius r 
touches the sides of the triangle at D, E, F, and is therefore 
called the inscribed circle of the triangle 

From the equalities of triangles already established it 
follows that AE = AF, BF=BD. CD = CE; hence BC4'AF = half 
the sum of the sides of the triangle == s , and AF = 5 - a. 

Now tan PF = tan PAF sin AF (Art. 73) ; 

r — tan |-A sin (s - a) ( 1 ) 

The value of tan r may be expressed in various forms ^ thus, 
from Art. 50, we obtain 


tan 


A ^ / f sin(s~^))sin(6 ‘-c) l ^ 
2 VI sinssin(S“a) 


substitute this value in (1), thus 

p „ V f sin {s - a) sin (s - Z>) sm (s ^ c) j n 


(Art. 51). .,.(8) 


Again sin (5 - a) = ffl^sin^BsmTc 


sin|-A 

by formula (11) of Art 50, and the corresponding expressions 
for sm|B and sin|C; therefore, from (1), 

, siniBsiniC 

^ (3) 

hence, by Art. 58, “ 

tan r = n /{ -cosScos( S -_A)co s(S - B ) cos (S - C) } 


2eosiAcos|Bcos 

N 


2 cos -JA cos -l-B cos PC’ * 


w 


Lexell {Acta Petropohtana, 1782). 
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It may easily be shewn that 

4cos|-Acos|-Bcos^C = cosS + cos(S - A) + cos(S - B) + cos(8 - C); 
hence we have from (4) 

cot r = ^ {cos S + cos (8 - A) + cos (S - B) + cos (S - C)} (5) 

120. The escribed circles. To find the angular radius of the 
small circle described so as to touch one side of a giren triangle, and 
the other sides produced. 



Let ABC be the triangle ; and suppose we require the radius 
of the small circle which touches BC, and AB and AC produced. 
Produce AB and AC to meet at A' ; then we require the radius 
of the small circle inscribed in A'BC, and the sides of A'BC are 
a, 7r ~ 5, TT - c respectively Hence if r^ be the required radius, 
and s denote as usual + & + we have from Art. 119, 

tan = tan - sin s (G) 


From this result we may derive other equivalent forms as 
in the preceding Article ; or we may make use of those forms 
immediately, observing that the angles of the triangle A'BC 
are A, tt-B, tt-C respectively. Hence, s being ^{a-hb + c) 
and 8 being ^ (A + B + C), we shall obtain 


tan r 




sin s sin (s - b) sin (s - c) 
sin (5 “ a) 


}=»r 


sin(.s - af 


•( 7 ) 


, cosjBcosiC . 

tanri = — sin«, (8) 

^ cos^A ’ ^ ^ 
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J{ ~ cosScos(S ~ A)cos(S- B)cos(S-0)} 
2 cos ^ A sin ^ B sin | C 


'”2 cos J Asm|- Bsin |-C’ ^ ' 

cot cos S - cos (S ~ A) + cos (s - B) + cos (S - C) j-. (10) 

These results may also be found independently by bisecting 
two of the angles of the triangle A'BC, so as to determine the 
pole of the small circle, and proceeding as in Art, 119. 

121. A circle which touches one side of a triangle and the 
other sides produced is called an escribed circle ; thus there are 
three escribed circles belonging to a given triangle. We may 
denote the radii of the escribed circles which touch CA and AB 
respectively by r^ and rg, and values of tan r^ and tan r^ may 
be found, from what has already been given with respect to 
tan by appropriate changes in the letters which denote the 
sides and angles. 

In the preceding Article a triangle A'BC was formed by 
producing AB and AC to meet again at A'; similarly another 
triangle may be formed by producing BC and BA to meet 
again, and another by producing CA and CB to meet again. 
These are the columr triangles of ABC. The original triangle 
ABC and the three formed from it have been called associated 
triangles, ABC being the fundamental triangle. Thus the 
inscribed and escribed circles of a given triangle are the same 
as the circles inscribed in the system of associated triangles of 
which the given triangle is the fundamental triangle. 

122. The circum-circle. To find the angular radius of the 
small circle described about a given triangle. 

Let ABC be the given triangle ; bisect the sides CB, CA at 
D and E rjespectively, and draw from D and E arcs at right 
angles to CB and CA respectively, and let P be the intersection 
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of these arcs. Then a small circle, having its pole at P, can 
be described about ABC. 

To prove this we draw the arcs PA, PB, PC, and observe 
that the triangles PEA, PEC, having their angles at E right- 
angles, the side PE common, and the sides EA, EC equal, are 
equal in all respects; in like manner the triangles PDB, PDC 
are equal ; consequently PA = PC = PB. 



And, if F be the mid point of AB, the triangles PFA, PFB 
have their sides equal each to each; therefore the angles 
PFA PFB are equal to one another and so are right-angles. 

Thus the arcs drawn through the mid points of the sides 
of the triangle ABC perpendicular to the sides respectively, 
pass through a common point P ; and the arcs PA, PB, PC, 
joining P to the corners, are of the same length. This length 
we denote by R. 

Accordingly the small circle whose pole is P and radius R 
passes through the corners of the triangle, and is therefore 
called the circumscribed circle^ or circumrCircUf of the triangle. 

From the equalities of triangles already established it 

follows that PBC = PCB, PCA=PAC, PAB = PBA; hence 
PCB-l-A = |(A-l-B + C) = S; and PCB = S-A. 

Now tan CD = tan CP cos PCD (Art. 73), 
tan|a = tan R cos (S - A), 


thus 
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tanR= 


5122 


(11) 


cos(S-A)‘ ' 

The value of tan R may be expressed in various forms : thus 
if we substitute for tan from Art. 56, we obtain 

tan R = (I ~ ® 


,.(12) 


R=.// ; cosS 

"V (cos (S - A)cos(S - B)cos(S - C)f ~ n""”' 

Again cos(S - A) = cos ^6 cos 

by formula (29) of Art. 56, and the corresponding formulae 
tor cosj-o and cos|c ; therefore, from (11), 


tan R = . 


sini^fc 


"sin A cos cos^c 

Substitu^te in the last expression the value of smA from 
Art. 51 ; thus 

tan R = sin i J sin 


Ay{sin5sin (s - ^)sin(s--d)sm(s — €)} 
__2sin|n^sin jd sin ic 


,.(14)^ 


It may easily be shewn that 

be!ir.^ 7 ^ ^ (^ - <=) - ™ « i 

hence we have from (14) 


(15) 


tan R = L{sin (s - a) + sin (s - 6) + sin(s - c) ~ sin s}. . . . 

Manpks assomted with a given fmdamental triangle. 
Let R denote the radius of the circle described round the 
triangle formed by producing AB and AC to meet again at A' ■ 

round the other two triangles which are similarly formed 


Lexell, loc. ai. Cf. Gudermahn, Medere Spharih, § 13). 
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Then we may deduce expressions for tan R^, tan and tan R3 
from those found in Art. 122 for tan R. The sides of the 
triangle A'BC are a, ir-b^ w-c, and its angles are A, -n- - B, 
TT-Cj hence if s = ^(a4-&+c) and S = i-(A+B + C) we shall 
obtain from Art. 1 22 . 


tan Ri 


^ tan 
~~ - cos s’ 


.(16) 


t„nR= /r cos(S-A) 1 cos(S-A) 

1 \ - cosScos(S - B)cos(S - C)J N • 

^ „ sin 

tan R. = -r— T , 

^ sin A sin ^0 sin fc 

, 2 sin cos cos 

^"~^y{sinssin(s-a)sln(s-^)sin(5-c)}’ 

tan Ri = ^{sins- sin(5- a) + sin(s-~5) + sin(s-c)}.... 


..(17) 

.(18) 

,.(19) 

.( 20 ) 


Similarly we may find expressions for tan Rg and tan R3. 


124. Applications of preceding formulae. Many examples 
may he proposed involving properties of the circles inscribed 
in and described about the associated triangles. Wc shall give 
one that will be of use hereafter. 

To prove that 

I 

(cot r 4- tan R)^ = |^(sin a -h sin Z? + sin - 1. ... (21 ) 

We have 

47?2 = 1 _ cosset - cos^^ - cos^c + 2 cos a cos h cos c ; . . . (22) 
therefore 

(sin + sin & + sin - 4 :n^ 

= 2 (1 + sin 5 sin c + sin c sin 4 sin sin h - cos a cos h cos c) 

Also 

cot r 4- tan R = ~ {sm .s + sin (s - + sin(s - 6) + sin (s - c)} ; ( 23 ) 
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and by squaring both members of this equation the required 
result will be obtained. For 

sin s + sin(s ~ a) + sm(s — 5) 4- sin(s — c) 

= 2[cos|a sin|(5 + c) + sin^a cos-|(6 - c)], 
and the square of this 

= (1 + cos 1 - cos(5 + c)} + (1 - cos a){ 1 + cos(5 - c)} 

-i- 2 sin a{sin h + sin c} 

= 2(1 + sin & sin c + sm c sin + sin a sin 5 - cos cos & cos c). 

Similarly we may prove that 

(cot - tan R)^ = ;^(sin 6 + sin c - sin - 1 (24) 

125. In the figure to Art. 11 9, suppose DP produced through 
P to a point A' such that DA' is a quadrant, then A' is a pole of 
BC, and PA' = -|-7r~r j similarly, suppose EP produced through 
P to a point B' such that EB' is a quadrant, and FP produced 
through P to a point C' such that FC' is a quadrant. Then 
A'B'C' is the polar triangle of ABC, and PA' = PB' = PC' = -^tt - r. 
Thus P is the pole of the small circle described round the polar 
triangle, and the angular radius of the circum>circle of the 
polar triangle is the complement of the angular radius of 
the inscribed circle of the primitive trkngle. And in like 
manner the point which is the pole of the small circle 
inscribed in the polar triangle is also the pole of the small 
circle described round the primitive triangle, and the angular 
radii of the two circles are complementary. 

EXAMPLES VIII. 

In the following examples the notation of the Chapter is retained. 

Shew that in any triangle the relations contained in Examples 1 to 12 
hold good. 

1. Tan^itanrg tanr 3 =tanr sin^s. 

2. Tan R + cotr = tan R^ + cot ri = tan R 2 +cotr 2 =tan Rg + cotr^ 

— ^ (cot r + cot rj + cot + cot rg), 
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3. Tan^R + taix^R^ + tan^Rg + tan^R3 = cotV 4- cotV^ + cotVg + cot^>^ 3. 

. Tann 4-tanr2 + taiin~tanr - , x 

z — =t(i+cosa+cos6+cosc). 

cot Ti + cot Vq + cot ^3 — cot r ‘ 

5. CosecV= cot(s - &)cot(5 - c) + cot (5 - c)cot(s - a) + cot(s - a) cot (.9 - h), 

6. CosecVj = cot (s “ 6 ) cot (5 ~ c) - cot 5 cot (.s - 5 ) - cot s cot (s - c). 

7. Tan R^ tan Rq tan R3 = tan R sec^S. 

8. Tan R = ^ (cot + cot + cot ~ cot r) 

9. Cot r=^ (tan Rj + tan Rg + tan Rg - tan R ). 

10. Tan R tan R^ + tan Rq tan Rg = cot r cot + cot cot rg. 

11. Tan R tan R^ tan Rg tan R3= 

12. Cot r cot r*! cot cot ^3 = ^ 


sin^a sin^B sin^C N 2* 
4 1 


" sin^b sin^c sin^A ’ 

13. Shew that in an equilateral triangle tan R = 2 tan r 

14. If ABC he an equilateral spherical triangle, P the pole of the 
circle circumscribing it, Q any point on the sphere, shew that 

cos QA i" cos QB 4“ cos QC “ 3 cos PA cos PQ. 


15. If three small circles be inscribed in a spherical triangle having 
each of its angles 120®, so that each touches the other two as well as 
two sides of the triangle, shew that the radius of each of the small 
circles =30®, and that the centres of the three small circles coincide 
with the angular points of the polar triangle 

16. Solve the spherical triangle when the radius of the inscribed 
circle and two angles are given 


17. Solve the spherical triangle when the radius of the circumscribed 
circle and two sides di‘e given 



CHAPTER VII 


AEEA OF A SPHEBIOAL TRIANGLE. SPHERICAL 
EXCESS. 

126. To find the area of a Lane, 





Let ACBDA, ADBEA be two hmos having o((nal angles at A; 
then one of these lunes may bo supposed plac.od on ( lui other 
so as to coincide exactly with it ; thus lunes kmu;/ eqmil aiujles 
are equal. Then, by a process similar to that used in the first 
proposition of the Sixth Book of Euclid, it may bo shewn that 
lunes a/re p'oportional to their angles. Hence, since the whole 
surface of a sphere may bo considered as a luno with an angle 
equal to four right angles, wo have for a luno with an angle 
whose circular measure is A, 

area of luno _ A 
surface of sphere “ 
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Suppose r the radius of the sphere, then the surface is 
{Megrcd Calculus, Chap, vir.); thus 

A 

area of lune = = 2Ar^ (1) 

127. Girard’s theorem.’^ To jmd the area of a Spherical 
Triangle. 



Let ABC be a spherical triangle; produce the arcs whic.li 
form its sides until they meet again two and two, which will 
happen when each has become equal to the semi-circimiforonce. 
The triangle ABC now forms a part of throe limes, namely, 
ABDCA, BCEAB, and CAFBC. Now the triangles CDE and 
FAB are subtended by vertically opposite solid angles at O, 
and wo shall assume that their areas are o(iual ; therelbni the 
lune CAFBC is ocpxal to the sum of the two trianglivs ABC and 
CDE. Hence, if A, B, C denote the cire.ular nu^asures of the 
angles of the triangle, we havc^ 

triangle ABC + BGDC lune ABDCA 2Ar‘‘^, 
triangle ABC + AH EC - lune BCEAB 2Bri 
triangle ABC + triangle CDE lune CAFBC - ■ 2Cr^ ; 

■^This theorem was published by (hiurtn in his Invention nouvdk mi 
Algehre, printed at Amsterdam in 1020. His proof, however, m xwi 
rigorous, so the theorem may bo attribukKl to (UvAmKHf, who gave a 
strict proof m hia Direeiortum gmimdv nraniomvtrinm, ruiidnd at 
Bologna in 1632. * 

L.S.T. 


0 
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hence, by addition, 

twice triangle ABC + surface of hemisphere = 2 (A + B + C)r^ ; 
therefore triangle ABC = (A + B + C - 7r)r^ (2) 

Spherical excess. The expression a+B + C- tt is called 
the s^pherical excess of the triangle ; and since 

(A + B + C - 7r)r2 = 

the result obtained may be enunciated thus : the area of a 
spherical triangle is the same fraction of the surface of the sphere 
as the spherical excess is of eight right angles, 

128. We have assumed, as is usually done, that the areas of 
the triangles CDE and FAB in the preceding Article are equal. 
The triangles, however, are not congruent^ but are symmetrically 
equal (Art. 33), so that one cannot bo made to coincide 
with the other by superposition. It is, however, easy to 
decompose two such triangles into pieces which admit of 
superposition, and thus to prove that their areas are equal. 
For describe a small circle round each; then, since the triangles 
have the same elements, the angular radii of these circles will 
be equal by Art. 122. If the pole of the circumscribing circle 
falls inside each triangle, each triangle is the sum of throe 
isosceles triangles, and if the pole falls outside each triangle, 
each triangle is the excess of two isosceles triangles over a 
third ; and in each case the isosceles triangles of one set are 
respectively absolutely equal to the corresponding isosceles 
triangles of the other set, since in the case of isosceles triangles 
the distinction between congruence and symmetrical equality 
does not exist. 

129. To find the area of a spherical polygon. 

Let n be the number of sides of the polygon, 2 the sum of 
all its angles. Take any point within the polygon and join it 
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with all the angular points ; thus the figure is divided into 
n triangles. Hence, by Art. 1 27, 

area of polygon = (sum of the angles of the triangles ~ %ir)r\ 
and the sum of the angles of the triangles is equal to 2 
together with the four right angles which are formed round 
the common vertex ; therefore 

area of polygon = {2 - 2) tt) ( 3 ) 

This expression is true even when the polygon has some of 
its angles greater than two right angles, provided it can be 
decomposed into triangles each of whose angles is less than 
two right angles. 

130. Definition. The sjphencal excess of a spherical polygon 
is the excess of the sum of the angles of the polygon over the 
sum of the angles of a plane polygon having the same number 
of sides. 

The result just obtained shews that the area of a spherical 
polygon is proportional to its spherical excess.* 

131. We shall now give some expressions for certain trigono- 
metrical functions of the spherical excess of a triangle. We 
denote the spherical excess by E, so that E-A-i-B + C-^r; 
and it is most important to notice that, with the notation of 
Art. 56, 

S = ^E-f-|7r (4) 

A geometrical representation of the spherical excess is given 
in the next chapter. Art. 149. 

132. Cagnoli’s theorem, f To shew that 

sin lE = \/{ ^ (s - a) sin (s - h) sin (.9 - c ) } 

2 cos cos cos ^c 

* Cf, Gauss, D%sq. circa Superficies Ouruas, § 20 

tCAONOLi, Triqonometriai § H46. See also Lexbll, Acta Petron 

1782, p. 68. 
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Making use of the expressions for the sines and cosines of 
the half sides obtained in Art 56, we see that 

sin C sin sin M ^ • ir- /i-v 

A A. ~ Vcos^ S == - cos S = sm ^E, (5) 

cos "hC 

the sign of the square root being determined from the con- 
sideration that all the factors of the left-hand expression are 
necessarily positive, while cos 8 is essentially negative, since 
S is greater than Jtt, and less than fTr (Art. 32). 

Now, 

. 2n n 

” sin a smb'~ 2 sin \(h cos \a sin cos ^ 5’ ^ ^ 

and therefore 

^ 9. f*e\Ci 1/7 f*r\a lA nr\cs 1/*^ •••••§• ••• .»•••»*• . .(6) 


^ ” 2 COS Ja COS COS Jc’ 

as was to be proved. 

In the same way it is seen that 
sin C cos ia cos P 

^ =C0S (S - C) = sin (C - JE), 

the last sine being assumed essentially positive ; whence 


sin (C - JE) = 


2 sin \a sin cos 


133. A better method of obtaining this formula for 
sin(C-^E) is to apply Cagnoli’s theorem to the colunar 
triangle ABC^ If we employ accented letters to denote the 
elements of this triangle, we have the relations 


> 

II 

1 

> 

B' = 7r-B, C' = C,'l 

(8) 

a' = 7r- a, 

whence also 

b’ = ir-b, c' = c, / 

5' = x-(s-c), s'-a' = s-h, 

s'-h'=^s-a, s' -c'==7r-s,l 


n' 

1 

1 

■ (9) 

UJ 

1 

o 

II 

LU 



the substitution of these values in Cagnoli’S formula yields 
result (7) of the previous Article. 



§135] 


SPHERICAL EXCESS. 


101 


It should be noticed that E', being a spherical excess, is 
necessarily positive and less than 27r; hence is positive 

and less than tt. This justifies the assumption made above, 
that sin (C |-E) is always positive. 


134. L’Huilier’s theorem.* To shew that 


tan E = tan s tan (s - a) tan (s - h) tan J (3 - c) } . 


Tan-} 


sin}(A-f B + C-tt) 
cos}(A+ B + C-tt) 
sin I ( A + B) - sin I (tt - C) 
cos }(A + B) + cos I (tt ~ Cf 
sm}(A + B) -- cos C 
cos I (A + B) + sin J C 


cos I {a + 6) + cos c ” sin Jc‘ ^ ‘ 

Hence, by Art. 60, we obtain 

f. 5 i yi 1 p == sin }(c + - 5) sin }(c + b- a) If sin s sin (s - c) '] 
cos } (a + 6 + c) cos } (a + 6 “■ c)V |sin {s - a)sin(s - 5)J 
= ^{tan }s tan (s - a)tan |(s - &)tan }(5 - c)} (10) 


136. Gent’s t proof of L’Huilier’s theorem. The first and 
third of DkIjAMBRK’s analogies (Art. 63), may bo written in 
the form 

cos 1 (C- E) _ cos I (a - h) 

cos ^ C cos c ^ ' 


sin }(C - E) _ cos I (a H- h) 

siiUC ~ ^coij^ 

From (11) wo deduce 

cos J (C - E) - cos } C _ cos l(a- h) - cos J c 
cos J (C - E) + cos ^ C cos J (a - 6) +. cos J c’ 
which is the same as 


( 12 ) 


tan J E tan ] (20- E)«=Un J(s - a)tan J(3 - 5). .,.(13) 


(LmENOEB, (Moyriitrie.^ Note 10). 
tGiiUNEKT’s Archiv <hr Math, und Phymk^ XX, 1853, p. 358. 
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Treating equation (12) in a similar manner, we get 

tan -l-E cot ^(2C - E) = tan tan |(s - c) (14) 


Now multiply corresponding sides of (13) and (14), take the 
square root, and the result is L’Hxtilier’s formula 

tan JE = \/tan -Is tan ^(s - a) tan |(s - &) tan-|-(s - c). . . .(15) 
Also the division of (13) by (14) gives 

tan f (20 E) = s/cot ^-s tan a) tan ^ (s - 5) cot I- (5 - c). ..(16) 

136. If we apply L’Huilier's theorem to the polar triangle, 
whose spherical excess is 2(7r-s),* and semiperimeter 7r--|-E, 
we get 

cot^s = \/cot|-E tan^(2A- E)tan |•(2B- E) tan-|-(2C - E); (17) 
while corresponding to (16) we have 

tan|-(s~c) = N/tanjEtanJ(2A~E)tan^(2B-E)cot|-(2C-E). (18) 
These results may also be obtained directly from the third 
and fourth of Delambre’s analogies, by a method analogous 


to that used in the preceding Article. 

137. The Lhuilierian. If we put 

L “ \/cot "Is tan - 1(5 - a) tan Ks - &) tan ^{s-c), (19) 

equation (15) of Art. 135 may be written 



and equation (16) of Art. 135 may be written 

( 21 ) 

similarly tani(2A- (22) 

and ^^^(2B-E)- tan|(a - ^ ) 


* The relation between the area of a figure and the perimeter of the 
reciprocal figure is referred to by Schulz, Spharik, II, p. 241. 
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Now multiply together equations (20) to (23), and we get 
L = x/tan:|:Etan^(2A“ E)tan J(2B- E)tan|(2C~ E). (24) 
Dr. Casey suggests that the function L should he called the 
Lhuilierim of the triangle. He also points out that, on account 
of its double value (formulae 19 and 24), it will give the solu- 
tion of a spherical triangle when either the three sides or the 
three angles are given, the equations used in either case being 
(20), (21), (22), and (23). 


138. Prouhet’s * proof of Cagnoli’s theorem. Equations (11) 
and (12) of Art. 135 may be written in the form 

cos 4C cos ^E + sin sin cos |C, 

^ cos -g-C 

. 1 • Tr- CO& i(a + h) . 

sin |C cos -^E - cos sin |E = — sin fC. 

Solving these for sin ^E and cos fE, we get 
sin -IE = sin cos sec {cos ^{a-b)- cos (o^ + &) } 

= sin C sin -la sin sec (25) 

^ ^ as in Art. 132. 

2 cos cos f 0 cos fc 

Also 

cos l-E = {cos I- (a + b) sm%C + cos ^{a-b) cos2|C}sec 

= {cos cos \b + sin sin ^b cos C}sec \c (26)t 

(1 + cos a)(l + cos b) + sin a sin b cos C 
""" 4 cos cos }^b cos \g 


1 + cos g + cos 5 + cos c 
4 cos cos \b cos 
cos^^a + co s^-|5 + cos^-|c - 1 
2 cos \a cos f & cos \c 


( 27)1 

..(28) 


* Noumlks Annales de MatMmatiqms, 1st series, XV, 1856, p. 91. 
t Laghangis, Journal de VMcole Polytechnique, Gainer 6 ; Legendke, 
06om6trie, Note 10. For a geometrical proof see Art. 150 below, also 
Q-tJBKBMANN, Nicdere Spharik, § 152. 

4:ETTiiEii, Acta Petropolitana, 1778. 
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From (25) and (26) we get by division 


tan -IE: 


sin sin sin C 


cos cos + sin sin cos C’ 


and from (25) and (27) 


2n 


tan iE = r — 

1 + cos + cos 0 + cos ( 


..(29) 

(30)* 


139. Other formulae. We may obtain other formulae 
involving trigonometrical functions of the spherical excess. 
For example : 

To find 5m I E and c<?S;|E. 

In (28) put 1 - 2 sin^iE for cos E ; thus 


sin^iE = I + ^ cos cos - cos^-|-a - cos^|-& - cqs^-|c 
4 cos cos h cos 

By ordinary development we can shew that the numerator 
of the above fraction is equal to 

4 sin y sin ^ (s - c&) sin |(5 ~ ^)) sin | (s - c) ; 

therefore 


sin^E = sin sin Us -a) sin ^(s-h) sin ^(s--c) 

cos I a cos 4 J cos 4c 
Similarly ^ ^ 

cos^iE = cos ^(s^a)coB^(s-h) cos 4 (5 - c) 

cos cos cos ’ 

From these by division we get L'Huilier's theorem. 


...(31) 

...(32) 


140. Tofindcos{G-^B). 

Substitute in (28) the elements of the colunar triangle as 
given in (8) and (9). We get 

cosfC - 4E1 _ 4 + cos^^c - 1 

^ ^ ^ 2 sin ia sin 46 cos 4c ‘ 

_ cos^-lc ~ cos^lc^ - cos^4^> + 1 

2 sin 4a sin 46 cos 4c ^ ^ 


De GtUA {M4moires de I Acad4mie des Sci&nceh, Paris, 1783). 
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is, or by substituting the elements of the colunar 
(31) and (32), we also get 


E) = 


cos sin I- (g -• g) sin ^(s-h) cos (s - e) 

sin-|<^sini^6cos|-c ’ 


(34) 


V _ sin 7}^ cos ■1(5 - a ) cos -r } (s - b) sin ^(5 - c) 
' ” sin sinM cos -Ic 


sin }ja sin-|& cos \g 
om (6) and (7) we get, by division, the formula 


cot ■■ 


j. ^ cot la cot -1-& 

= cotC + - 

sinC ’ 


.(36) 


lother form of (29). 


Iculation of the spherical excess. When the numeri- 
of three of the elements of a spherical triangle are 
spherical excess, and therefore also the area, may bo 
directly from the data in three cases, vk. 
en the three angles are given, 
en the three sides are given ; use is then made of 
i’s formula. 

en two sides and the included angle arc given. Wo 
formula (29), and may adapt it to logarithms by 
g the subsidiary angle <f> such that 

tan <l> = tan cos C 3 (37) 

la then becomes 


tan E = 


sin IJ) tan C siti </> 
cos {if— lb) 


(38) 


EXAMPLES IX. 

he angles and sides of an ecpulatoral triangle whose area is 
of that of the sphere on which it is doscrihed. 

ho surface of an equilateral and equiangular spherical poly- 
les, and determine the value of each of the angles when the 
lals half the surface of the sphere. 
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3. If and c=-j7r, shew that E = cos-^|. 

4. If the angle C of a spherical triangle be a right angle, shew that 

sin JE = sin ia sm ^6 sec Jc, cos JE = cos Ja cos ib sec Jc. 

5. If the angle C be a right angle, shew that 

sin^c _ sin^a sin^fe 
cos E = ^ :r. 

cos c cos a cos o 


6. if a = 6 and C=^, shew that tanE = 


sin% 
2 cos a 


7. The sum of the angles in a right-angled triangle is less than four 
right angles. 

8. Draw through a given point in the side of a spherical triangle an 
arc of a great circle cutting off a given part of the triangle. 

9. In a spherical triangle if cosC= -tanjatani&j then C=A+ B. 

10. If the angles of a spherical triangle be together equal to four 
right angles 

cos^Ja -t- cos%h + cosmic = 1. 

11. If rg, rg be the radii of three small circles of a sphere of 
radius r which touch one another at P, Q, R, and A, B, C be the angles 
of the spherical triangle formed by joining their centres, 

area PQR = (A cos + B cos rg + C cos - t) 

12. Shew that 

sin j- {^^^i^sin(A-^E)sin(B-^E)sin(C-iE)}^ 

2 sin ^A sin ^B sm 

13. Find the area of a regular polygon of a given number of sides 
formed by arcs of great circles on the surface of a sphere ; and hence 
deduce that, if a be the angular radius of a small circle, its area is to 
that of the whole surface of the sphere as (1 - cos a) is to 2. 

14. A, B, C are the angular points of a spherical triangle ; A', B', C' 
are the middle points of the respectively opposite sides. If E be the 
spherical excess of the triangle, shew that 

cosB'C' cosC'A' 

OOS Q C. — “I • 

cos cos cos 

15. If one of the arcs of great circles which join the middle points of 
the sides of a spherical triangle be a quadrant, shew that the other two 
are also quadrants. 
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» 

EXAMPLES X. 


1. If ff be the spherical excess of the polar triangle, and E', E", E'" 
those of the colunar triangles, 


tan J<r =\/tan |E' tan :|E" tan JE'" cot JE. 

2, In an equilateral triangle 

tan JE = tan Ja\/ tan fa tan J a. 


(Prouhet.) 


3. If a and h are the equal sides of an isosceles triangle 
tan i E = tan Jc\/ tan ^ (ct + ^c) tan J (a - ^c). 


4. Shew that 

tan JE cot J ( A - JE) = tan Js tan \ (.s - a). 

5. Solve the spherical triangle when the sum of two sides, the third 
side, and the spherical excess are given. 


6. The area of an isosceles right-angled spherical triangle is of the 
surface of the sphere ; calculate the hypotenuse. (R. U. I., 1898.) 


7. Pind the angle of an equilateral spherical triangle covering ^ of 
the surface of the sphere. 

Shew also that two of its medians and one of its sides are together 
equal to half the circumference of a great circle. (R. U. I., 1895.) 

8. A spherical triangle is such that the centre of its circum-circle is 
on the base, and the vertical angle is f tt. If the radius of the sphere 

be one foot, find the area of the triangle in square feet. 

(R. U.I., 1895.) 


9. A regular spherical quadrilateral has each of its angles equal to 
100° ; calculate the ratio of its area to that of the sphere. 

10. The area of a regular spherical polygon of n sides is one part 

of the sphere ; find its sides and angles. (R. U. I., 1893.) 

11. A given lune is divided into two isosceles triangles, and the area 
of one of them is n times the area of the other ; shew that 


tan iA cos ^ =tan 



where A denotes the angle of the lune, and 6 one of the equal sides. 

Find the ultimate value of cos $ when A becomes indefinitely small ; 
and hence shew that the surface of a segment of a sphere is to the 
surface of the sphere as the height of the segment is to the diameter of 
the sphere. (Sci. and Art, 1894.) 
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12 . The side AB of a spherical triangle ABC is bisected at D. If Ej 
and Eg be the spherical excesses of the triangles ACD and BCD re- 
spectively, shew that 

sin JEiCos p = sin JEgCos p 

(Sci. and Art, 1897.) 

13. If a, 6, c,d are the sides, the perimeter, and 28 the area of a 
spherical quadrilateral inscribed in a small circle on a sphere of unit 
radius, shew that 

210 ^ sin - a)sm - c)sm ^(y> - d) 

2 — cos la cos p cos p cos Ijd 

(Sci. and Art, 1898.) 



CHAPTEE YIII. 


VAEIOUS PEOPEETIES OF THE SPHEEICAL TEIANGLE. 

142. Definition of altitude. The arc AD, drawn from a 
corner A to intersect the opposite side orthogonally in D, is 
called an altitvde of the triangle. 



Properties of the altitudes. 

The ^product of the sine of a side and the sine of the corresponding 
altitude has the same value, whichever side he taken This value 
may he called 2?^. 

The product of the sine of an angle and the sine of the cor- 
responding altitude has the same value, whichever angle he taken. 
This value may be called 2N. 

To prove these propositions, we notice that in the right- 
angled triangles ADB, ADC 

sin c sin B = sin AD = sin h sin C. 


( 1 ) 
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Hence 

sin a sin AD = sin c sin sin B = sin a sin I sin C 

= sin 5 sin c sin A = 27^, (2) 

sin A sin AD = sin S sin C sin A - sin c sin A sin B 

= sin a sin B sin C = 2N (3) 

From these we derive the following 

sin a sin h sin c _ sin a sin & _ sin c ^ 

27^ ~sin A^sin B'~sinC~ N ^ ^ ^ 

sin A sin B sin C __ sin A _ sin B _ sin C __ N ^ ^ 

2N ~ sin a ”” sin 6 ^ sm c ~ ^ ^ 

M 277^ 2N2 

N=_ — — ; — , n — ~. — . ^ - (6) 

sm^ sin 5 sine sin A sin B sin C ^ 

If we eliminate A from the equations 

2?7 = sin I sin c sin A, 

cos a - cos J cos e = sin & sin c cos A, 

namely by squaring and adding, we get 

457 ^ = sin^ h sin^ c - (cos - cos & cos c)^ 

= 1 - cos 2(2 - cos2& ~ cos^c + 2 cos a cos 5 cos c (7) 

= 4 sin s sin (5 “ sin (s - 5) sin (s - c) (8) 

Similarly 

4N2 = sin^ B sin^C - (cos A + cos B cos C)^ 

= 1 - cos^A - cos^B - cos^C - 2 cos A cos B cos C .. .(9) 

= - 4 cos S cos(S - A)cos(S - B)cos (8 - C) (10) 

Thus it is seen that the n and N of the present Article are 
the same as those defined in Arts 51 and 58. 

143. Length of any line drawn from a corner to the 
opposite side. 

Let F be any point in the side BC, and let AF be joined. 


^Of. Gudermann, Niedere Spharih, § 142. 
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Let the lengths of the arcs AF, BF, FC be denoted by /, 
respectively, and the angles BAF, FAC by A^, Ag respectively. 

Applying the cosine formula to the triangles BFA, CFA, 
we get 


cos c - cos cos/ 
sin ctj sin/ 


which gives 


cos /= cos h- 


A 

cosAFB 

. -cosAFC=^2iM/zf2i^ 
sin sin / 

5)?EL^ + coscM (11) 

sin^» sindt ^ ' 



Divide both sides by sin /, and then multiply numerator and 
denominator of the right-hand side by sin F j thus 

cos 5 sin a. sin F + cos c sin ^9 sin F 
kn. sin/sin F ' 

But sin sin F = sin c sin A^^, 

sin ^2 sin F = sin sin Ag, 
sin a sin /sin F = sin h sin c sin A, 
and so, on substitution of these values, we get 

.j. X x^sinA, , . sinAo 

sinA sinA ^ ' 
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144. To illustrate the use of these formulae, we shall apply 
them to some special cases. 

Length of the median and of the bisectors of an angle. 

(1) Let M be the mid point of the arc BC, and let m denote 
the length of AM, which may be called a median of the triangle. 
Making F coincide with M, we get 

and so equation (11) gives us 


cos m = ^—^{cos 5 + cos c) (13)* 

(2) Let AF be the internal bisector of the angle A, and let 
its length be denoted by rj. Then A-^ = Ag = JA, and from 
equation (12) we get 

+ ( 14 ) 

(3) Let AF be the external bisector of the angle A, F being 
in BC produced, and let its length be denoted by i. Then 
Ai = Jtt + JA, Ag = ~ (^TT - |A), and formula (12) yields 

^^^v' = ^^~{cotb-cotc) (15) 


145. Relation, between the arcs joining three points on a 
great circle and any other point 
The result (11) of Art. 143 may be regarded as a relation 
connecting the angular distances of three points B, F, and C, 
on the same great circle, and any other point A on the sphere. 
It may, indeed, be used as a test to determine whether three 
given points do or do not lie on the same great circle. 

Looked at from this point of view the formula is equivalent 
to the following theorem, in the enunciation of which we 
introduce a fresh notation, in order to present the result in 
a symmetrical form. 


Gudermann, Niedere Spharih, § 400 . 
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If X,YfZ be three joints on a great ciicle, and P any oilier point, 
m PX sin YZ + cos PY sm 2X + ms PZ sh XY 0, . . . ( 1 la) 

it being understood that arcs nioasurod on tlu‘. great circle 
in one direction are considcired positive, those in th(‘. otiicr 
direction negative, so that ZY - YZ. 

Instead of the cosines of PX, PY, PZ we may use t.he sines 
of the arcs drawn through X, Y, Z perpendicular to tlu^ great 
circle of which P is a pole, and thus wo gi‘-t a n^laiion con- 
necting the spherical porpendic.ulars drawn from thnu^ points 
on the same great cii'clo to any otluu* gr<‘at. (u’re.h^ \\i) shall 
re-state the resulting theorem in a form whu^h exhihits its 
analogy to a well-known theorem in plants geometry ; and 
append a proof which does tmt depend on Art. 143. 


146. Relation between the arcs drawn perpendicular to a 
great circle from three points on another great circle. 

From two points and Rj arcs arc drawn pcrpcndictular 
to a fixed arc ; and from a poirit P on tho same gnyit <urc4(i 
as P^ and a porpondicsular is <lrawn to tho siuno IixchI arc. 
Lot PjP~(9j and PPo ; and let tho porponditndars drawn 
from P, Pp and P.^ ha donotCKl hy /, .Tj, and .r... 1'hon will 


Bin (K, 

mn{(\ hO,) ' 


^ sin 0^ 


Lot tho arc R^Pj, produced if necessary, cut tbrs fixed arc 
at a point 0 ; lot a detiote the angh^ Imtwiuui the arcs. We 
shall suppose that Pj is hotweon 0 and P.,, and ttmt P is 
between Pj and Rj. 

Then, by Art. 73, 

sin r-. sin a sin OP^ * sin a Bin (OP 0^ ) 

Bin a (sin OP (am (am OPsiti PJ ; 
sin /.j sin a nin OP,j sin a hiu (OP (L) 

sin a{Hin OP tais iL t (am OP sin Pj. 

L.H.T, n 



lU 


SPHEEIOAL TRIGONOMETRY. 


[§ 146 


Multiply the former by sin and the latter by sin and 
add;, thus 

sin ^2 sin Xj^ 4- sin 0^ sin = sin {6-^ + ^ 2 ) sin a sin OP 

= sin(<9j + (11^) 

The student should convince himself by examination that 
the result holds for all relative positions of P, P;^, and Pg, when 
due regard is paid to algebraical signs. 

Examples of the application of this result will be found 
in the chapter on Hart’s Circle. 

The theorem of Plane Geometry analogous to that of the present 
article is as follows. 

If Pi, P, Rj be three points in the same straight line, and rui, a?, 
the lengths of the perpendiculars drawn from them to any other straight 
line, then 

PPo PiP 

147 . The arc joining the mid jpot7its of the sides of a triangle 
intersects the base produced in points which are eguidistant from 
the mid point of the base. 

Let L, M, N be the mid points of the sides, and let the arc 
LM intersect the base in the points X, Y, which are of course 
diametrically opposite. 

Let AP, BQ, and CR bo arcs drawn perpendicular to the arc 
ML from A, B, and C. These will meet in a point O, the pole 
of the circle LM. 

In the triangles APM, CRM we have 

A A 

AMP = CMR, vertically opposite angles, 

A A 

APM =CRM, both being right angles, 

AM - MC, by hypothesis. 

Hence the triangles are equal in all respects. 

Similarly the triangles BQL, CRL are equal ; therefore 

ap=cr=bq. 
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In the triangles APX, BQY, we now have 

AP=BQ, X = Y, APX = BQY; 
therefore the triangles are symmetrically equal. 

Accordingly AX = BY ; and as AN = BN, we get finally 

XN = YN = -l-XNY = a quadrant. 



Corollary. If the base of a triangle be given, and the vertex 
variable, the arc joining the mid points of the sides passes 
constantly through two fixed points. 

148. The pole of the great circle joining the mid points of two 
sides is also the pole of the circwncircle of the colunar triangle."^ 
Using the figure of the previous Article, and denoting hyp 
the length of the equal arcs AP, BQ, OR, we notice that 

OC = OR + RC = |7r+j?, OB = OA = OP-AP = |7r«^j 


Trigonometrie, § 5, 
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tence OA = OB = 5r- OC = OC', 

where C' is the point diametrically opposite to C. 

Thus O is equidistant from the corners of the colunar 
triangle, and is therefore the pole of its cireumcircle 
It is now easy to find the value of the radius Rg of this 
circle. For = , and in the triangle CIVIL 

sinp sin IV1L= sin CM sin CL sin C (16) 

Also ML = ^PQ=iAOB = AON ; 

therefore sin AON cos Rg = sinl-a sin sin C. 

And in the right-angled triangle ANO 

A 

sin AON sin Ro = sinic : 

hence 


tan Ro 


sm 




sin sin sin C 


= ^cos^^» cos|&sin-|c. ...(17) 


Substituting in this formula the elements of the colunar 
triangle, we deduce the yalue of the circum-radius of the 
original triangle, namely 


tan R = - sin sin sin 
n ^ ^ 2 


.(18) 


These results agree with those obtained in Chapter VI. 


149. G-eometrical representation of the spherical excess 
Still making use of the same figure, and remembering the 
pairs of triangles proved equal in Art. 147, we see that 


hence 


XAP = YBQ, 


MAP=MCR, 


LBQ=LCR; 


2 XAP = XAC - MAP + YBC - LBQ, 


*=7r-A + 7r-B-C, 

= 7r~ E, where E is the spherical excess. 


.(19) 


,.( 20 ) 


Thus XAP or YBQ is the complement of half the spherical 

excess * 



§152] 


PROPERTIES OF THE TRIANGLE. 


117 


Now in the right-angled triangle APX, 

A 

cos XAP = tan AP cot AX ; 

therefore sin E = tan -J-c cot (21 ) 

Substitute for cot R 3 from formula (17), and there results 

sin-lE=,~. — , — ^ ,, , , (22) 

- 2 cos cos Ih cos \a ^ ' 

which is Cagnoli’s formula. 

From this and (18) wo also got 

sin iE cot R =N (23) 

^ sin (i sin b sin c ' ' 

160. Again in the triangles OAN and CIVIL 

A A 

cos AN sin OAN •= cos AON = cos ML, 
and cos M L = cos CL cos CM + sin CL sin CM cos C ; 

A 

hence cos -^-E = sin OAN 

_ c<^ J^os \h -P sin \a sin { h cos C . 

"* cos Jc * ^ ' 

as in Art. 138, (26). 

151. If one angle of a triangle he gimiy ami the product of the 
tangents of the halves of the sides containing the angle he constanty 
the area of the triangle is constant. 

If one side of a triangle he giveUy and the product of the tangents 
of the halves of the adjacent angles he constanty the perimeter of the 
triangle is constant. 

The first of those thooroms is an immediate inference from 
the expression for cot JE coniaincjd in formula (36), Art. 140. 
The second is obtained by applying tbc first to the polar 
triangle. 

152. If the Ime of a trmgk he gmUy mul He difference between 
the vertical angle and the sum of the base angleSy then the emmn- 
circle is hnom. 
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Let 0 be tbe pole of the circumcircle. Join OA, OB? ^ 
Since tlie angles at tbe base of an isosceles triangle are eCL^^ 

OCA = OAC, OCB = OBC, OAB==OBA 

Therefore A + B ~ C = OAB 4 - OBA= 2 OAB = 2 OBA .X 

So when A + B ~ C is given, the angles OAB and OBA are 
and accordingly O is a known point and the circum-cirol^ 
conapletely known. 



The result naay be stated thus. When A and B are 
and A + B - C constant, the locus of C is a small circle throi 
A and B. 

153. Lexell’s locus.* The base and the area of a 
triangle being given, the locus of the vertex is a small circle. 

Let AB be the given base, and let A', B' be the poi 
diametrically opposite to A and B. Then the triangle A" 
has its angles A' and B' equal to tt - A and tt - B respective 
Thus 

A'4-B'-C=27r~ A-B-C 
= TT - E = const. 


Lexell, Acta Petropolitana, 1781, I, p. 112. 
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Therefore, by the previous proposition, the locus of C is a 
small circle through A' and 



164. Keogh’s theorem.! The sine of half the spherical excess 
is equal to twice the norm, of the sides of the triangle whose corners 
are the mid points of the original triangle. 

Referring to the figure of Art. 147, we have in the tri- 
angle AXP, 

A 

cos XAP = sin X cos XP, 

that is, sin JE ~ sm X sin ML (26) 

Btxt X is equal to the arc joining the mid points of the two 

* By the ase of Lbxbll’s locus it is possible to describe a spherical 
polygon of n - 1 sides having the same area (or the same porimeter) as 
a given spherical polygon of n sides. See Steineb, OreUe^s Journal, 
II, p. 45, and Gtjdebmann, JSfiedere Sphdrih, § 104. 

t JSfouvelles Annaha de MathSmatiquea, Ist series, XVI, 1857, p. 142, 
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great semicircles XMY, XNY ; that is, the arc drawn from N 
perpendicular to LM And the product of the sine of this 
perperdicular and the sine of ML is twice the norm of the 
sides of the triangle LMN. 

Hence sin ^ E = 27^' ( 27 ) 

155 . To find the triangle of nmximum area, two of whose sides 
are 

Let a, I bo the given sides. Then, by Art. 138, formula 

( 29 ), 

(28) 

The greater the area the greater is E, and the less cot JE; we 
have therefore to find what value of C, if any, makes the 
expression on the right side of this equation a minimum. 
This IS done by a geometrical construction, as follows. 



In any plane, with centre O and radius unity, describe a 
circle. In the same plane take a point Q whose rectilinear 
distance QO from O is equal to the known quantity cot \a cot \l. 
Produce QO to R, and make the angle ROP equal to the angle C 
of the spherical triangle, P being on the circumference of the 
unit circle. Draw PN perpendicular to QR. 


* Leoendek, QdomMrie, VII, Prop 26. 
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Then 

NP = sin C, QN = QO + ON = cot cot + cos C, 
and therefore, by equation (28) above, 

OQP-^E (29) 

If Q lie outside the circle as in the diagram, that is, if 
cot J<i^cot|-5>l, or a + 5<7r, the greatest possible value of OQP 
occurs when QP is a tangent to the circle. If its position in 
that case be QT, we see that 

A A 

ROT — OQT, 

i.C.f C = ^TT + ^E, 

or A+B = C (30) 

The triangle of greatest area is accordingly that in which 
the angle contained by the given sides is equal to the sum of 
the remaining angles. 

If a + 5 = TT, cot cot = 1, and Q lies on the circumference 
of the unit circle. And as the angle ROP at the centre is 
double the angle RQP at the circumference, 

C = E, 

or A + B^tt (31) 

The greatest value of E is the same as the greatest value of C, 
namely tt ; and the limiting form of the triangle as its area 
increases is a lune whose angle is a right angle. 

If a + h>7rj cot Jacot J5<1, and Q lies inside the unit circle. 
The angle OQP may now have any value from zero to tt, and 
therefore E may have any value up to 27r. There is no real 
maximum; the triangle may be increased in area until it 
becomes a hemisphere. 

Thus if + there is no true maximum, but there is in 
each case a superior limit to the area. The area never quite 
attains the limiting value, as such attainment would involve 
the triangle’s ceasing to be a triangle in the strict sense of the 
term. 


122 SPHERICAL TRIGONOMETRY. [§156 

156 . If in a s^yherical triangle the angle C he equal to the sum of 
the other two angles, the pole of the circum.circle will lie in the side AB. 

Draw the arc CN making the angle ACN equal to A, and let 
CN meet AB in N 

A A 

Then because C = A + B, and NCA = A, the remainder NOB = B. 



Hence the triangles ANC, BNC are isosceles, so that 
NA=NC=NB; 

therefore N is the mid point of AB, and is the pole of the 
circum-eircle. 

167 . Theorems concerning polygons. From the last two 
articles the following theorems may be deduced. 

When all the sides hut one of a spherical polygon are given in 
length, its area is greatest when the corners lie on a small circle whose 
pole is the mid point of the remaining side. 

When all the sides of a spherical polygm are given in length, its 
area is greatest when it can he inscribed in a small circle. 

In both these theorems it is necessary that the sides should 
be so small as always to justify the application of the first 
part of the theorem of Art. 155. 

The results are proved in the same manner as the analogous 
propositions for plane polygons See Legendre’s QiomMrie, 
VII, Prop. 27, or Townsend’s Modern Geometry, Yol. I, p. 63. 

158 . The arcs which bisect internally the angles of a spherical 
triangle are concurrent."^ 


* First proved by Menelaus. 
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The point of concurrence is the pole of the inscribed circle. 
The proof is contained in Art. 119. 

A corresponding result holds in the case of the internal 
bisector of one angle and the external bisectors of the other 
two. 

The arcs dravm jperpendicular to the sides of a triangle at their 
mid 'points are concurrent 

The point of concurrence is the pole of the circumcircle. 
The proof is contained in Art. 122. 


159. If three arcs pass through one pointy the ratio of the sines 
of the arcs drawn from a variable point on one^ perpendicular to 
the other twOj is constant. 

Let the three arcs be OA, OB, OC. Take any point P in 
OB, and draw PM and PN perpendicular to OA and OC re- 
spectively. 

Then in the right-angled triangles PMO, PNO, 


A 

sin PM = sin OP sin AOB, 


A 

sin PN = sin OP sin COB ; 


therefore 


sin PM _ sin AOB 
sin PN ~ sin COB* 


Thus the ratio of sin PM to sinPN is independent of the 
position of P on the arc OB. 

Conversely, suppose that from any other point p arcs pm 
and pn are drawn perpendicular to OA and OC respectively ; 
then if 

sin pm sin PM 
sin^9?/~sinPN’ 


it will follow that p is on the same great circle as O and P. 


160. If three arcs he drawn from the angles of a spherical 
triangle through any point to meet the opposite sides, the products of 
the sines of the alternate segments of the sides are equal 

Let P be any point, and let arcs be drawn from the angles 
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A, B, C passing through P and meeting the opposite sides at 
D, E, F. Then 

sin BD _ sin BPD sin DC sin CPD 

sin BP sinBDP’ sin CP“ sirfCDP’ 

therefore sin^^sin^ ^P 

sm DC sin CPD sin CP 


A. 



Similar expressions may be found for ^ and . 

^ sm EA sin FB " 

also BPD = APE, DPC = APF, CPE=BPF, 

and hence it follows obviously that 


si n BD sinCE sm AF .. ^ . 

sin DC sinEA sm FB"” ^ ^ ' 

therefore sin BD sin CE sin AF = sin DC sin EA sin FB (33) 

This theorem is analogous to Ceva's theorem * for a plane 
triangle. 

Conversely, when the points D, E, F in the sides of a 
spherical triangle are such that the relation given in formula 
(33) holds, the arcs which join these points with the opposite 
corners respectively through a common point. Hence the 
following propositions may be established * 


* See Nixon’s Euclid Revised, General Addenda, Section II, or 
ErsSKLL’s Pure Geometry, Chapter I. 
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The perpendiculars from the corners of a spherical triangle 
on the opposite sides meet at a point ^ * 

The arcs which bisect the angles of a spherical triangle meet 
at a point ; 

The arcs which join the corners of a spherical triangle with 
the middle points of the opposite sides meet at a point ; 

The arcs which join the corners of a spherical triangle with 
the points where the inscribed circle touches the opposite sides 
respectively meet at a point. 

161. Spherical mean centre. In connection with the 
theorem of the preceding Article it is of interest to notice 
that, if 2?^j, 2712, ^^3 be the sines t of the triangles BPC, CPA, 
APB respectively, 

sin BD . sin DC = Tig : Tig (34) 

For, if /? and 7 be the perpendiculars drawn from B and C 
to AD, 

2TI3 = sin yd sin AP, = sin 7 sin AP ; ( 35 ^ 

but sin ^ = sin BD sin D, and sin 7 = sin DC sin D. 

Hence sin BD : sin DC = sin /5 : sin 7 = Tig : 

On account of the analogy which exists between this 
property and a property of the mean centre of three points 
on a plane, Dr. Casey calls P the spherical mean centre of the 
points A, B, C for multiples t^^, Tig respectively. 

It is readily seen that Tip Tig, Tig are analogous to the areas 
BPC, CPA, APB in Plane Geometry, or to the areal coordinates 
of P. In fact n-y^jn, njn, njn are volumetric coordinates of P with 
respect to the tetrahedron whose corners are A, B, C, and the 
centre of the sphere. See second foot-note on page 29. 

162. Normal coordinates of a point with respect to a 
triangle. If 7/, z denote the lengths of the arcs drawn 

* Gudeemann, Niedere Spharih^ § 68 ; Schulz, SphariJc, II, § 47. 

t See Art, 51, 
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from a point P perpendicular to the sides of the triangle 
ABC, then sincr, siny, sin;^; are called the normal coordinates 
of P with res^pect to the triangle. When the ratios of the 
coordinates are given, the point is determined. 

Normal coordinates are clearly analogous to trilinear 
coordinates with respect to a plane triangle. 

Suppose, for example, that P is any point on the arc AD 
drawn perpendicular to BC. See figure of Art. 160. 

Then in the right-angled triangles ADB, ADC, we have, by 
Art. 73, . 

A . ^ 

COS B = cos AD sin DAB, cos C == cos AD sin DAC ; 
therefore 

cos Ceos A ^ cosC ^ sin DAC ^ s^ . ^ gg v 

cos A COS B cos B sin DAB sin z 


If P also lie on the arc BE drawn perpendicular to CA, we 
have likewise 

cos ^os B __ sm^ . 

^ B cos C sin X ^ 

hence it follows that 

cos B cos C __ sin a; 
cos C cos A sin ?/ 

and this shews that P is on the arc drawn from C perpendicular 
to AB. 

Thus the three perpendiculars meet at a point, and this 
point is determined by the relations 

since __ siny ^inz 

cos B cos C ” cos C cos A cos A cos B ^ ' 


In the same manner it may be shewn that the arcs drawn 
from the angles of a spherical triangle to the middle points of 
the opposite sides meet at a point ; and if from this point arcs 
£c, y, z are drawn perpendicular to the sides a, h, c respectively. 


sin X sin y _ sin 

sin B sin C ~ sin C sin A ~ sin A Bin B* 


( 37 ) 
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163. It should be noticed that the normal coordinates of any point 
are connected with the sines of the triangles PBC, PCA, PAB by the 
relations 

sin a; sin a = 2%, sin y sin 5=2^2, sin z sin 0=2% (38) 

The three coordinates of a point are not independent of one another ; 
they must always be such as to satisfy the relation 

+ 2?22%cos a + 2?i3WiCos h + 2ni7Z2Cos c = (39) 

An easy proof of this is obtained by writing down the volumetric 
equation of the sphere (cf Art 161). 


164. Property of a spherical transversal. If a great circle 
intersect the sides of a triangle ABC in L, M, and N, 

sin BL sin CM sin AN __ ^ 

sinLC sin MA sinNB” 

Either one or all three of the sides of the triangle will be cut 
externally by the arc LMN. The figure represents the case 
when only BC is cut externally. 

Draw the arcs AX, BY, CZ perpendicular to LMN. 



From the right-angled triangles BYL, CZL, 

A A 

sin BY = sin BL sin YLB, sm CZ = sin CL sin YLB ; 


hence 


sm BL _sin BY 
smCL sinCZ' 


(40) 


Similarlj? from the pairs of triangles CMZ, AMX, and ANX, 
BNY, 

sin CM __ sin CZ sin AN _ sin AX 

sm M A ~ sin AX’ sm N B ” sm BY * 


...( 41 ) 



128 


SPHERICAL TRIGONOMETRY. 


[§ 164 


Multiplying corresponding sides of these three equations, 
and writing - sin LC for sin CL, we get 

sin BL sin CM sin AN _ ^ ^ 

sinLC sin MA sinNB~” ^ 

This theorem is analogous to Menelaus’ Theorem* for a 
plane triangle cut by a transversal. 

The converse also is true, namely that, if L, M, N be points 
on the sides of a triangle for which relation (42) holds good, 
they lie on a great circle. 

165. If O he any ^oint within a spherical triangle ABC, and P 
any other point on the sphere , and if 27ip 2n^ he the sines of 
the triangles OBC, OCA, OAB ; then 

n-^ cos PA + cos PB + n^ cos PC = cos PC. t 



Produce AO to meet BC in F. 

Apply to the points P, B, F, C the theorem of Art. 143 (11), 
and we get 

sin FC cos PB + sin BF cos PC = sin BC cos PF. 


*Seo Nixon or Rtjsskll, loc, at, 

f This theorem is due to Dr. Casey {Spherical Trigonometry, p. 81 ). 
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Applying the same theorem to the points P, A, O, F we 
get 

sin FO cos PA + sin OA cos PF = sin FA cos PO. 

The elimination of cos PF from these results gives 
sin F O sin BC cos PA + sin OA sin FC cos PB + sin OA sin BF cos PC 
= sin BC sin FA cos PO. 

If we multiply this through by sin F, and notice that 
sin BC sin F O sin F = 2 sin OA sin FC sin F = 

sin OA sin BF sin F = sin BC sin FA sin F = 2w, 

we get finally 

cos PA + ^2 cos PB + 7^g cos PC = cos PO (43) 

166. If the base BC of a spherical triangle be given^ and the ratio 
sin ; sin the locus of A is a small circle. 

Since the ratio sin ^b : sin ^c is given, the ratio of the 

straight lines joining A to B and to C is given. Therefore A 

must lie on a certain sphere with respect to which B and C are 
inverse points. The locus of A is the curve of intersection of 
this sphere with the original sphere, namely a circle. 

167. If two spherical triangles have their vertical angles equal, 
and the difference of the base angles of the one equal to the difference 
of the base angles of the other, then the ratio of the tangents of the 
halves of the sides opposite the base angles of the one is equal to the 
corresponding ratio for the other. 

Let the elements of the second triangle be denoted by 
accented letters, and let C, C' be the equal vertical angles. 

From the second of Napier’s analogies we have 

=- tan |■(A - B) tan -IC 
sin|-(aH-5) ^ 

= tan |•(A' - B') tan 

_ sin " V) 

"~sin|-(a'H-5'y 
1 


L.S.T. 
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Hence 

sin + 5) - sin ^(a -h) _ sin -Ka' + h') - sin ~ h') 
sin -Ka + &) + sin ^{a-b)~^ sin ^ (a' + b') + sin I {a' ~ by 


or 


tan ih tan lb' 


( 44 ) 


tan \a tan \a' 

Triangles so related have a certain analogy to similar plane 
triangles. 


EXAMPLES XI. 


1, Solve the triangle having given the sides a, b, and the median m^. 

2. Solve the triangle having given the sides a, h, and the median Wj. 


3. Solve the triangle having given the angle A and the segments into 
which the side h is divided by the bisector of the opposite angle. 


4. If the base AB of a spherical triangle ABC be produced to a point 
0 such that 


shew that 


tan BO = 


cos (u-h&)smc 
1 - cos c cos {a + by 


sin c cos CO = sm (a + b) sin b sin AO 


Hence shew that if the base of a spherical triangle be fixed, and the 
vertex move so that the sum of the sides remains constant, a point may 
be found on the base produced, such that the cosine of the distance of 
the vertex from this point bears a constant ratio to the cosine of the 
distance of the vertex from a certain fixed great circular arc. 

(R. U. I., 1899.) 


5. P, Q, R are the feet of the perpendiculars from the vertices A, B, C of 
a spherical triangle on the opposite sides • prove that BQ is a bisector of 
the angle PQR , and shew that, when the triangle ABC is acute-angled, 

cos PQR = ~ + cos^C + 2 cos A cos B cos C 

cos^A + cos^B -h cos^C + 2 cos A cos B cos C* 

(R. XJ. I., 1898 ) 

6. If the triangle ABC be such that the small circle on AB as diameter 

passes through C, prove that cot A cot B = cos^ Jc. (R. U. I., 1898.) 

7 . If two sides of a spherical triangle be supplementary, prove that 
the median passing through their intersection is a quadrant. 

(R. U. I, 1895.) 
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8. H the three internal bisectors of the angles A, B, C of a spherical 
triangle intersect in O, and meet the opposite sides in P, Q, and R 
respectively, prove that 

sin PO sinQO _ sinRO 
sm a sin PA sin h sm QB ~ sin c sin RC 

^ ^ 

^ sin^s + sin ,fsin (s - a) sm (5 - b) sin (s - c) 

(R. U. I, 1895.) 

9. If the points where the internal and external bisectors of the 
vertical angle A of a spherical triangle meet the base be P and Q 
respectively, prove that 

cos B PA = J (cos C - cos B) sec JA, 

and that 

cos PQ - ^ B - C) sm ( B 4 - C) 

-j-cos^c - 2)2 ~ 4(cos A + cos B cos C)^* 

(R U. 1 , 1895.) 

10. ABC is a spherical triangle, E is the mid point of BC, and AD is 
drawn at right angles to BC ; shew that 

tan E D sin ( B + C) = tan ia sm ( B - C) 

Putting out of the question all cases in which ED exceeds a quadrant, 
find under what circumstances D and B are on the same side of E, and 
under what circumstances they are on opposite sides of E. 

(Sci. and Art, 1894.) 

11. ABCD is a spherical quadrangle, and E, F are the mid points of 
the arcs CA and DB. Shew that 

cos AB + cos BC + cosCD + cos DA=4cos JCA cosJDBcos EF. 

(Gtoermann.) 

12. tt, hj c, d are four great circles, and e, f are the great circles 
bisecting the angles (ca) and {dh). Shew that 

cos (a6) + cos {he) + cos {cd) + cos {da) =4 cos J {ca) cos J {dh) cos (e/) 

(Gudermann.) 



CHAPTER IX. 
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168. If the comers of a spherical quadrilateral lie on a 
small circle, the sums of its pairs of opposite angles are 
equal * 



Let ABCD he the quadrilateral, and O the pole of the small 
circle Join O to each of the corners, then the triangles so 
formed are isosceles, and consequently 

oda=oXd, odc=ocd, oba=oab, obc=ocb. 

Adding corresponding sides of these equalities, we get 

ADC + ABC = BAD + BCD (1) 


*Lexell, Acta PetropoUtanay 1782. 
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If the quadrilateral be crossed, as in the second figure, we 
find in a similar manner 

BAD + ADC = ABC + BCD (2) 

Both cases arc included in the following enunciation. 



If A, B, C, D bo four points on a small circle, and if the arcs 
AD, BC intersect in P, then 

PCD - PDC - PAB - PBA (3) 


169. Spherical power of a point with respect to a circle. 

From tin’s previous article it a])pears that the triangles PAB 
and PCD are rclatc<l to one another in the same manner as the 
triangles discussed in Art, 167, whotber P bo inside or outside 
the small circle. 


Hence 


tanjPB tan 1 PD 
tmilPA tan I ^ 


so that tan I PA tan \ PD tan I PB tan I PC (4) 

Thus the product tan J PA tan J PD is tlio same for all arcs 
HU(5h as PAD drawn through P. 

To g(^t a convenient expression for the constant value of 
this product, wo have only to take as a particular position of 
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PAD the arc joining P to the pole 0 of the circle. Then if w< 
denote the angular distance PO by 3, and the angular radiui 
of the circle by p, the particular value of PD is p + S ; anc 
that of PA is 3 - p when P is outside the circle, p - 3 when P is 
inside. 

Therefore, for P outside, 

tan "I PA tan -|PD = tan -1(3 -hp) tan ^(3 - p); 

for P inside, 

tan L PA tan iPD = tanL(p + 3)tan-|(p - 3) 

When A and D coincide, say at T, the arc PT touches tin 
circle at T, and the length of the tangent arc is given by 

tan2i PT = tan|-(3-i-p)tan^(3-p) (7 

The constant tan^(3 + p)tan|-(3-p), or ii 

called the spherical power of the point P with respect to the circle 
It is positive when P is outside the circle, negative when P ii 
inside. 

The theorem of this Article is so important that we shal 
give another proof of it. 

170. If a variable arc of a great circle, passing through s 
fixed point P, cut a given small circle in A and B, 
tan-^PAtan-^ PB 

is constant.* 

From O, the pole of the small circle, draw the arc OIS 
perpendicular to AB. 

Clearly the triangles OAM, OBM are symmetrically equal 
and therefore IVl is the mid point of AB. 

From the right-angled triangles POM, AOM 

cos PM _ 1 _ cos AM , 

cos PO ” cos MO cos AO ^ 


*Lexell, Acta PetropoUtancb, 1782, p. 65- 
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therefore 

cos AM - cos PM _ cos AO - cos PO 
cos AM + cos PM ” cos AO + cos PO’ 
or, 

tan I- (PM - AM)tan|(PM + AM) = tan-|(PO - AO) tan |(PO + AO). 



This is the same as 

tan I PA tan | PB = tanf (S - p) tan ^(B + p), (8) 

the required result. 

171. If from a variable point P on a fixed great circle PN 
the spherical tangents PE, PF he drawn to a given small 
circle, the product tan^NPE cot^NPF has a constant 
value.* 

From O, the pole of the small circle, draw the arc ON per- 
pendicular to PN. 

Clearly the arc OP bisects the angle EPF. 


^Gudeemann, Niedere Sphank, § 296. This constant may be called 
the spherical power of the great circle xoith respect to the small circle (See 
foot-note to Reviser’s Preface ) If the great and small circles intersect 
at an angle 0, the spherical power is equal to tan^ 
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In the right-angled triangles OEP, ONP 
sin E O . sin NO 

smEPO “sinNPO’ 

therefore 

si n NPO - sin E PO sin NO - sin EO 
sin NPO -t- sin EPO ~ siTNoTsirTEd' 
or tan -^ (NPO - EPO) ^ tim J (W - EO) 

tan ^(NPO-f-EPO^-tani^Nd-rEO)' 

Denote NO by f, which is a constant. The eciuality is seen to 
bo the same as 

tan-jNPE_tan l-(p - p) 

tan i N PF “ tim i (jy + /7) 

172. Relation between the arcs joining four points on a 
small circle. 

Let the points, taken in ordcw, bo A, B, C, and D By 
Ptolemy’s theorem wo have the following relation subsisting 
between the lengths of the chords, 

AB . CD -f AD . BC = AC . BD. 


( 10 ) 
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Now if R be the radius of the sphere 

chord AB = 2R sin -|AB ; (11) 

hence (10) may be written in the form 

sin -lAB sin 1-00 + sin LAD sin ^BC = sin LAC sin | BD. . . . ( 1 2) 
This is the required relation ; it holds whether the circle be a 
small or a great circle. It must, of course, be understood that, 
whether the circle be great or small, AB, etc , represent arcs 
of great circles 

173. Relations between the mutual distances of four points 
on a great circle. 

Let the points, taken in order, be A, B, C, and D. 

If we put AB=6», BC = ^, 

then AC = ^ + ^, BD = ^ + ^, AD = (9 + ^ 

and any identical relation that exists between the trigono- 
metrical functions of 6, <j>, f, + + ^ + Lolds 

equally for the corresponding functions of AB, BC, etc 

For example, 

sin 0smxp + sixi^sin(e + ^-\-xp) = sm(9 + cf>)sm(<l> + xp); , ..(13) 
and therefore, for four points on a great circle, 

sin AB sin CD •+■ sin BC sin AD = sin AC sin BD (14) 

Similarly 

cos AB cos CD - cos AC cos BD = sin BC sin AD (15) 

An endless number of such relations may be found. Every 
relation between the trigonometrical functions of the arcs holds 
equally well for the same trigonometrical functions of any 
equimultiples or equi-submultiples of the arcs. 

174. To find the locus of a point on a sphere such that the 
spherical tangents drawn from it to two given small circles 
are equal. 

Let A, B be the poles of the small circles ; a, h their angular 
radii , P a point such that the spherical tangents PL, PM drawn 
from it to the circles are equal. 
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Draw the great circle PO perpendicular to AB and meeting 
it in O. 


P 



Then, because the angles at L, M, and O are right angles, 


cos PL 


cos PA cos AO 
cos a cos a 


cos OP, 


and 


cos PM == 


cosPB^^cos OB 
cos 5 ” cos 6 


cos OP. 


Hence, as PL == PM, 


cos AO _ cos OB 
cos a cos 6 ’ 


(16) 


and therefore = = a known constant. .(17) 

Thus O is a fixed point, and the locus of P is a great circle, 
namely that drawn through 0 at right angles to AB, 

This great circle is called the miml circU of the two given 
circles. Clearly, if the given circles intersect, their radical 
circle passes through their common points ; in this case part of 
the locus is within both circles, and the corresponding tangents 
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have no real existence. Remembering however that the square 
of the tangent of half the spherical tangent from a point to a 
circle is equal to the spherical power of the point with respect 
to the circle, we may define our locus as the locus of a point 
whose spherical powers with respect to two given circles are 
equal. Stated in this form, the property is intelligible for 
points inside as well as for points outside the circles. 

175. Coaxal Circles. 

Befinition. A system of circles on a sfliere which is such that 
all pairs of circles of the system have the same radical circle is called 
a coaxal system of circles. 

If A, B, C, D, etc. be the poles, and a, h, c, d^ etc. the radii of 
the circles of a coaxal system, it is clear that 

(1) A, B, C, D, etc. must lie on the same great circle. 

(2) There must be a certain point 0 (the axial centre) on this 
great circle, such that 

cosOA cos OB cosOC cosOD , 
cos a cos 0 cos c cos d ^ ' 

(3) The tangents to all these circles from any point P on the 
radical circle are equal ; and a circle, with P as pole and the 
common length of tangent as radius, cuts all the circles of the 
system orthogonally. 

(4) If two of the circles intersect, then all circles of the 
system go through the same two points 3 this happens when 
the equal ratios of formula (18) are greater than unity. 

(5) When the ratios of formula (18) are less than unity, 
equal to h say, there are two point-circles of the system 
They are on opposite sides of O and equidistant from it, the 
the distance being cos"^/^;. These are called the limiting points. 

(6) When two circles touch, the axial centre and the 
limiting points of the coaxal system to which they belong 
coincide at the point of contact, and all circles of the system 
touch one another at the same point. This happens when the 
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ratios of formula (18) are equal to unity; the corresponding 
case is one of transition between cases (4) and (5). 

176. To find an expression for the length of the spherical 
tangent drawn to a small circle from a point on another 
small circle. 

Let A and C be the poles of the small circles, a and c their 
radii, O their axial centre, P a point on the circle C, and PL 
a tangent arc to the circle A. Draw PN perpendicular to AC. 



Using the cosine formula in the right-angled triangles PLA, 
PNA, PNC, we readily get 

cos a - cos a cos PL = cos a - cos PA 

cos AN 

= cos a — r cos G 

cos NC 


lienee 


'1 sin‘*^ iPL — 


f cos AO cos AN ^ 

= COSC-{- - 

IcosOC cosNCj 
sin AC sin ON . . ^ 

^ cos c . — — — (Art. 1 73, form. 15). 

cosOCcosNC ’ ^ 

sin ON cos c sin AC 


cos OC cos NC cos a ' 


.(19) 


177. If A, B, C be three circles of a coaxal system, and if 
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from a variable point P on C tangents PL, PM be drawn to 
A and B, then sin^PL is to sin-J-PM in a constant ratio. 

By the previous Article, 


2 sin2 pM 


sin ON cos c sin BC 
cos OC cos NC ' cos b ^ 


( 20 ) 


dividing sides of (19) by corresponding sides of (20), we get 
sin^ _ sin AC cos b 


^PM ’ 


sin BC cos a 


.( 21 ) 


The right side of this equality is the same for all positions of 
P on the circle C, and therefore the left side is constant 


178. Condition for the contact of a given circle with the 
circumcircle of a given triangle. 



A, B, C are thiee points on a circle ; AX, BY, CZ are spherical 
tangents to another circle ; then if, of the three products 
sin l-AX sin |BC, sin ^BY sin JCA, sin JCZ sin |AB, 
the sum of any two is equal to the third, the circles will 
touch. 



142 


SPHERICAL TRIGONOMETRY. 


[§178 


Let L be one of tbe limiting points of the coaxal system 
determined by the circles ^ then, by the previous Article, 

sin |AX ^ sin |BY _ sin |CZ 

sin JAL ~ sin l-BL sin ^CL ^ ' 

Therefore the specified condition becomes that, of the three 
products 

sin |AL sin JBC, sin I BL sin JCA, sin |CL sin jAB, 

the sum of two is equal to the third. But, when this is the 
case, we know by Art. 172 that L lies on the circle ABC ; that 
is to say, the limiting point lies on one of the circles , there- 
fore the circles touch. 

179. If two small circles cut orthogonally, the plane of 
either passes through the vertex of the cone that touches the 
sphere along the circumference of the other. 

Let A, B be the poles of the two circles, P one of their points 
of intersection. 



Since the arc AP and the circle B touch one another at P, 
they have the same tangent line at that point. And this line 
lies in the plane of the circle B, and passes through the vertex 
of the cone that touches the sphere along the circumference of 
A. Therefore the plane of B passes through the vertex of the 
cone. 

From the result just proved we make the following obvious 
inferences • 
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(1) If any number of circles on a sphere have a common 
orthogonal circle, their planes pass through a common point. 

(2) If any number of circles on a sphere have two common 
orthogonal circles, their planes pass through two common 
points ; that is to say, they pass through a common straight 
line. Thus, also, the pknes pass through an infinite number 
of common points ; and so circles which have two common 
orthogonal circles have an infinite number of them 

Now the circles of a coaxal system have an infinite number 
of common orthogonal circles, having their poles on the radical 
circle. Hence the planes of the circles of a coaxal system 
pass through a common straight line, which lies in the plane 
of the radical circle. 

This property of a coaxal system is given by Dr. Casey as 
the definition of such a system, and he deduces all other 
properties from it. See his Spherical Trigonometry^ Chap. vi. 

180. To find how many great circles can be drawn to touch 
two given small circles. 



1. Fig. 2 

Let A, B he the poles and a, h the radii of two small circles. 
If possible let these both be touched by the same great circle, 
whose pole is 0. We shall denote the distance AB by 3, and 
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when the radii a, h are unequal we shall suppose a to he the 
greater. 

If the small circles lie on the same side of the great circle, 
as in Figure 1, the great circle may, from analogy with plane 
geometry, he called an external spherical common tangent 
of the small circles. Clearly when one such tangent exists 
there is also another, and the two are symmetrically situated 
with respect to the arc AB 

Now referring to Figure 1 we see that, in the triangle AOB, 
kO=^Tr-a, BO=^7r-5, and AB is what we have called 8. 
But two sides of a triangle are together greater than the third, 
and hence the triangle AOB is only possible provided 
AO + OB>AB, and AO+AB>OB; 
that is, provided tt > J + S, and 8 > a - J. 

Thus if 8 lie between a-b and 7r-(a + b) there are two 
external common tangents, hut not otherwise. This result 
may he stated thus : two given circles have no external 
common tangents (1) if one lie completely inside the other, 
(2) if the circles having the same poles, hut radii respectively 
the complements of the original radii, lie completely outside 
one another. Calling these latter the complementary circles 
of the original small circles, the result may he stated even 
more compactly thus. Two circles have or have not external 
common tangents, according as their complementary circles 
do or do not intersect. 

In the limiting case when 8 becomes equal to a - 5, the two 
external common tangents coincide, their points of contact 
with the small circles also coincide, and the figure becomes 
a great circle and two small circles all having internal contact 
with one another at the same point. 

In the other limiting case, when 8 becomes equal to 
rr^ia-^b), the common tangents again coincide, hut their 
coincident points of contact with one of the small circles do 
not coincide with their coincident points of contact with the 
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other. These points of contact are in fact diametrically 
opposite to one another, and the small circles do not in 
general touch each other at all ; however each has external 
contact with the circle antipodal to the other; their com- 
plementary circles moreover have external contact. This 
case has no analogue in plane geometry. 

If there be a great circle touching two given small circles, 
and having them on opposite sides of itself, the diagram will 
be of the same character as Figure 2. The great circle in this 
case may be called an internal common tangent. The sides 
of the triangle AOB are now ^tt — a, -g-Tr + J, and 8. In order 
that the triangle may be possible it is necessary that 
OA + AB > OB, and OA + OB > AB, 
or 8 > ft + 5, and 8 < tt ~ (a - 5). 

In the limiting ease when 8 becomes equal to a + h, the 
internal common tangents coincide, and we have the two 
small circles touching each other externally and touching the 
great circle all at the same point. 

In the other limiting case, when 8 becomes equal to 
TT - (a - h), the two internal common tangents again coincide. 
And now the figure consists of two small circles not meeting 
one another at all, and touching the same great circle on 
opposite sides at diametrically opposite points. Either circle 
has internal contact with the circle antipodal to the other. 

EXAMPLES XII. 

Proofs of the following theorems are given in Gudermann’s Niedere 
SphdriL They are set here as exercises, as the student who is familiar 
with the methods of Plane Cleometry will have no difficulty in proving 
them for himself. 

1. Two spherical triangles, having the same vertical angle and the 
same escribed circle opposite to that angle, have equal perimeters. 

2. The tangent at A to the circumcircle of a triangle ABC makes with 
AC and AB angles whose difference is equal to the difference of the 
angles B and C. 

L.S T. K 
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3. If, from a point P outside a small circle, tangent arcs PA, PB and 
a secant PCD be drawn, and if the tangent arc at C meet PA, PB, and 
AB in M, N, and U respectively, then 

sin UN sinCM=sm UM sm NC. 

[Definition. When this relation holds between four points on a grea1 
circle it is said to be divided harmonically, and the four points con 
stitute a harmonic range.'\ 

4. If, with the notation of the previous question, AB intersect CD ii 
E, PE is divided harmonically by C and D. 


5. Shew also that 


sin2^APB = 


sin AM sin BN 
sin M P sin NP‘ 


6. If AB be a diameter of a small circle, and the tangent arcs at f 
and B meet any other tangent arc in M and N respectively, then 

sin^ JAB = tan A M tan B N . 

7. ABC IS a spherical triangle, and a small circle cuts BC in P and P' 
CA in Q and Q', AB in R and R' ; then 

sm AQ sin kOj' _ sin AR sm AR' 
cos^JQQ' cos-^JRR' ’ 

d sin BPsinBP^ ^ sinCQsinCQ^ sin AR sin AR^ _ ^ 
sin CP sm CP' sm AQ sm AQ' ' sin BR sin BR' 

8. The opposite sides of a spherical hexagon inscribed in a sma] 
circle intersect in points which all he on the same great circle. 

9. If AP, AP', BQ, BQ', CR, CR' be tangents from the corners AB( 
of a spherical triangle to a small circle, 

sin BAP sin BAP' sin ACR sm ACR' sin CBQ sin CBQ' _ - 
sm CAP sin CAP' sm BCR sm BCR' ’ sm ABQ sm ABQ'~ 


10. If four great circles through a point O intersect two other grea 
circles in A, B, C, D and A', B', C', D' respectively, 

sin AB sin C D _ sm AO B sm CO D sm A' B' sm C' D ' 
sin AC sm BD “ sm AOC sin BOD sm A'C' sm B'D'* 

11. If ABCD be a harmonic range on a great circle, and M the mi 
point of the arc AC, 

tan2MC=tan MB . tan MD, 

, sin2MB /sm AB\2 

sm2MD~’VsmAD; ‘ 
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12. The three diagonals of a complete spherical quadrilateral divide 
one another harmonically. 

13. If O, A, B, C, D Toe five points on the same small circle 

sin |AB sin JCD _sin AOB sin COD 
sin ^BC sin ^AD sin BOG sin AO D‘ 

14. The diagonals AC, BD of a spherical quadrilateral, inscribed in a 
circle, intersect in E. Shew that 

sin AE __ sin ^AB sin ^AD 
sm EC”sm ^BC sm |DC’ 

sin ^AC sin ^AB sin ^AD + sin pC sin ^DC 
an t at sin^BD sin ^AB sin -^BC + sin^AD sin^DC 

15. If ABCDEF be a spherical hexagon inscribed in a circle, and if 
AD, BE, CF meet in a point, then 

sin^AB sinJCD sinjEF =sin JBCsiniDEsinJFA. 

16. If two circles cut orthogonally, any great circle through the 
centre of either is cut by the circumferences semUharmowically ; that is, 
if PRQS be the range, 

sin iPR sin JQS =sin JQR sm ^PS 

17. A circle, whose pole is P, touches three circles A, B, C all extern- 
ally ; and another circle whose pole is Q touches A, B, C all internally. 
Shew that the arc joining PQ passes through the point of concurrence 
of the radical great circles of A, B, C taken in pairs 

18. If two circles touch two other circles, a centre of similitude of one 
pair lies on the radical circle of the other pair. 

19. Two circles whose radii are cot“^a and cot"^^ touch externally. 
Shew that the angle betw’een their common tangents is 

2 cos”^ [2s/^[^/(a + /3)]. 



CHAPTER X. 

ON THE DUALITY OF THEOREMS RELATING TO 
GREAT AND SMALL CIRCLES ON A SPHERE 

181. The relation between a great circle and its pole is 
somewhat analogous to that which subsists in plane geometrj? 
between a straight line and its pole with respect to a circle. 
The former relation is really a much simpler one than the 
latter, and from it a method may be developed which is easiei 
and more general in its application than the method ol 
reciprocal polars. 

182. A great circle has two poles, and it is sometimes 
necessary to distinguish between the two. For this purpose 
it is usual to regard the great circle as traced by a point 
moving in one direction or the other ; the choice of direction 
is arbitrary, but once made it must be adhered to. If we 
imagine a person to walk on the outside of the sphere alon^ 
the great circle m the chosen direction, that pole which lies tc 
his left as he walks is called the left-hand pole of the circle, 
the other the right-hand pole.* Thus, on the earth, if the 
direction arbitrarily assigned to the great circle of the equatoi 
be from west to east, the left-hand pole will be the north pole 
of the earth, the right-hand pole the south pole. When we 
speak of the pole of a great circle it will be understood that 

* Attention was drawn to this important distinction by Gauss 
{Disqu gen. circa superficies curvas, 2, vi.). Cf. Schulz, SpJiarik, I, 12, 
and Mobius, Anal. Spharik, 16 and 18. 
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the left-hand pole is meant. The direction assigned to the 
circle will be indicated when necessary by an arrow. 

183. In order that the poles of the sides of a spherical 
triangle should be the corners of the polar triangle as defined 
in Art. 25, it is necessary that the directions assigned to the 
sides should be such that, following them, a person would 
travel round the triangle keeping its area always on his left. 

184. The poles of small circles may be distinguished in a 
similar manner , but when no special direction is assigned to 
a small circle we shall understand by its pole that pole which 
IS nearer to its circumference. 

185. If we take any point on the sphere, there is a great 
circle of which, the proper direction having been assigned, it 
is the left-hand pole. This great circle, with this direction 
assigned to it, will, for the purpose of the present discussion, 
be called the ^okw great circle of the point, or briefly its ggolar 
circle. 

186. The angle between two great circles is the angle 
between the positive directions of their arcs at the point of 
intersection.* 

187. The following properties of points and their polar 
circles are now readily verified • 

(1) If three points lie on a great circle, their polar circles 
pass through a point. 

(2) The (angular) distance between two points is equ^l to 
the angle of intersection of their polar circles 

(3) If A, B be two points, and a, h their polar circles, the 
intersections of a and h are the poles of the great circles 
joining A and B. That intersection, at which the less angle 
between the positive directions of the arcs is described by a 


Gauss, loc. cit. 
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counter-clockwise ^ rotation from a to 5, is tke pole of the 
circle AB taken with its positive direction from A to B along 
the less arc. 

(4) If a moving point trace out on the sphere any curve P, 
its polar constantly touches another curve Q And since the 
join of two points on P has for its pole the intersection of the 
two corresponding spherical tangents to Q, we find, on making 
the points on P coincide, that the polar circle of any point on 
Q touches the curve P. Thus the relation between P and Q is 
a reciprocal one, and either curve may be called the reciprocal 
of the other. 

There are, indeed, two curves, antipodes of one another, 
both of which are touched by the polar circle of the point that 
traces the curve P. Round one of these the point of contact 
moves in the same sense (clockwise or counter-clockwise t) 
in which the tracing point describes P ; round the other it 
moves in the opposite sense. It is the former of these two 
which is called the reciprocal of the curve P; when oval or 
circular, its concavity is towards the left of the great circle 
which envelopes it. 

(5) The reciprocal of a small circle is another small circle. 
The two circles have the same pole, and the sum of their 
spherical radii is a right angle. { 

188. Notation. If we denote by a small letter, such as a, 
a great circle or a part of it, with a certain direction assigned 

* If we suppose a watch to be laid on the outside of the sphere, with 
its face outwards, the sense in which its hands would rotate is that 
which we shall speak of as the clockioise sense ; the opposite sense we 
shall call counter-clockwise. 

f These terms could hardly be said to have a definite meaning 
without further explanation, if applied to the description of large 
closed curves of such shape as not to he included m one hemisphere ; 
but when applied to small circles they are free from ambiguity. 

Z ScHTJLZ, Sphdrik, I, § 44. 
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as positive, it will Ids convenient to denote by —a the same 
great circle or part of it, with the reverse direction assigned as 
positive. It will also be convenient to denote by (a, b), or 
sometimes more briefly by (ai>), the angle between the ares a 
and b, measured from a to 5 in the counter-clockwise sense. 



189. Let us consider now the relations that exist between 
the figure formed by three great circles and its reciprocal 
figure. 

Let a, b, c be three gieat circles having directions on them 
assigned as positive i these directions are indicated in the 
figure by arrows. Let ABC be the triangle which they form, 
and AoBC, ABoC, ABCg the colunar triangles. 

Let the poles of a, b, c be A', B', C', and let these be joined 
by great circles a', b', c', forming the polar triangle A'B'C' and 
its colunar triangles A'^B'C', A'S'^C', A'B'C'q. Then A, B, C are 
the poles of a', b', d when the directions assigned are those 
indicated by arrows in the right-hand diagram. 

It is to be noticed that the triangle formed by three great circles 
is that one of the various cumlimar trwmgular areas which lies to 
the left of all its sides. The present figures are so drawn that 
neither the triangle ABC nor its polar triangle A'B'C' has 
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reentrant angles ; but the exclusion of reentrant angles is 
not at all necessary in the present theory. 

190. The first thing that strikes us in the present figures is 
that the angle (ah) is not the angle BCA of the triangle, but its 
supplement B^CA. And as the angle between two great circles 
is equal to the angle between their poles, we have 

TT - C — (ah) = A'B', 

and reciprocally 

7r-C' = (^t'/>') = AB, 

which are the fundamental properties of polar or supplemental 
triangles. 

191. We have seen that if any point lie on a given small 
circle, its polar great circle touches (on its left-hand side) a 
certain other small circle. If, therefore, we assume the existence 
of the circum-circle of the triangle ABC, we can deduce from it 
the existence of a small circle touching the arcs a\ h\ and 
lying to the left of each of them ; this is the inscribed circle of 
the triangle A'B'C'. Hence the following theorem : 

The pole of the circumscrihed circle of a triangle coincides with 
the pole of the inscribed circle of the supplemental triangle; and 
the spherical radii of the two circles are complementary. 

This result enables us to deduce the value of cot r from that 
of tan R by substituting the elements of the polar triangle. 

192. If we reverse the direction assigned to the great circle 
a, that is to say if we consider the great circle - a^ we find 
that it forms with the great circles h and c the triangle A^BC. 
The pole of -a is A'^, and therefore AqBC, A'qB'C' are supple^ 
mental triangles. Hence the following result : 

The pole of the circle circumscribed to one of the colunar triangles 
of a given triangle coincides with the pole of the circle inscribed in 
the corresponding colmar triangle of the supplemental triangle ; and 
the spherical radii of the two circles are complementary. 
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193. If A, P, B be three points on a great circle, and o!, V 
their polar great circles, AP = (ay), PB = (y5'). Hence if P 
he the mid point of the arc AB, is the great circle which 
bisects internally the angle between the positive directions of 
the circles b. The arc drawn through P at right angles to 
AB has for poles the points on p distant a quadrant from the 
intersections of a and h, 

194. Let L', M', N' be the mid points of the sides of the 

triangle A'B'C'; the polar circles of these points are the great 
circles which bisect the external angles of the triangle 

ABC. The intersections of Z, m, n with a, 5, c respectively 
(say P, Q, R and their antipodal points), are poles of the 
medians A'L', B'M', C'M', (or jp, g, r). Now p, q, r are con- 
current (Art. 160), and therefore P, Q, R lie on a great circle. 




Again, the arcs drawn through L', M', N' perpendicular to 
a\ h', c\ meet in a point, namely the pole of the circum-circle 
of A'B'C'. Hence the points on I, m, n distant a quadrant 
from A, B, C respectively, lie on a great circle whose pole is 
the pole of the inscribed circle of ABC. 

Again, the arc x joining the intersection of b and c to that 
of m and n is the internal bisector of the angle A, and therefore 
18 at right angles to I ; hence X\, X'g, the intersections of M'N' 
and B'C', are distant a quadrant from L', 
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And since the three ares such as x meet in a point, namely 
the pole of the inscribed circle of ABC, the six points such as 
X'l lie on a great circle having the same pole as the circle 
circumscribed to A'B'C'. 

195. Lexell's locus may be derived as follows. Since the 
length of the spherical tangent from A to the circle inscribed 
in the colunar triangle AqBC is s the semiperimeter, it follows 
that when one angle of a triangle is given in position, and the 
perimeter is given, the opposite side constantly touches two 
small circles, namely the inscribed circle of the colunar triangle, 
and the circle antipodal to it. Of these it is the latter that 
lies to the left of a and is therefore the one to be used in the 
present connection. Now, reciprocating the theorem, we find 
that if one side and the sum of the angles of a triangle be 
given, the opposite vertex lies constantly on a circle which 
is antipodal to the circum-circle of the colunar triangle 
(Art. 192), and therefore passes through the points diametri- 
cally opposite to the extremities of the given base. This is 
Lexell’s locus.^ 

196. The following theorems are reciprocals of one another. 

(1) If the magnitude and posi- (!') If the magnitude and posi- 
tion of the base BC of a spherical tion of the angle A of a spherical 

triangle be given, and the ratio of triangle be given, and the ratio of 

sin 46 to sin 4c, the locus of A is a cos4B to cos4C, the envelope of 

small circle (Art. 166). BC is a small circle 

(2) The sum of one pair of (2') The sum of one pair of 

opposite angles of a four-sided opposite sides of a four-sided 
figure inscribed in a small circle is figure circumscribed to a small 

equal to the sum of the other circle is equal to the sum of the 

pair (Art. 168). other pair. 

* The theorem reciprocal to Lexell’s theorem, and from which we 
here derive the latter, was first published by Soblin, Geegonne’s 
Amiales de MatMmatiques, XV, p. 302. 
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(3) If ABCD be a quadrangle 
inscribed in a small circle, two of 
the products 

sin JAB sin J CD, 
sin J AC sin JBD, 
sin JBC sin J AD, 

ai^ together equal to the third 
(Art. 172). 

(4) Given two sides (together 
not greater than 180°) of a 
spherical triangle, the area is 
maximum when the third side 
is the diameter of the circum- 
circle (Arts. 155, 156). 


(3') If a, b, c, d be four great 
circles all touching the same small 
circle, and if the directions assigned 
be such that the small circle lies 
to the left of each of the great 
circles, then tw^o of the products 
sm J(a&) sin J(cd), 
sin J(ac) sin J(Z)d), 
sin J (6c) sin J(ac2), 
are together equal to the third. 

(4') Given two angles (together 
greater than 180°) of a spherical 
triangle, the perimeter is least 
when the third angle is equal to 
the diameter of the inscribed 
circle. * 


197. Before passing to further theorems relating to small 
circles, it will be well to consider briefly the reciprocation of 
chords and tangents to small circles. 

If through a point P we draw a great circle x to cut a given 
small circle S in points A and B, then the reciprocals of the 
various elements of the figure are as follows Corresponding 
to S we get another small circle S'. The reciprocal of P is a 
great circle that of a; is a point X' on the great circle y ; the 
reciprocals of A and B are great circles If drawn from X' to 
touch the circle S'. And so PA — (^V), PB = (p'6'), AB 
While if 0 be the common pole of S and S', PO equals the 
complement of the distance of / from 0. These relations are 
exemplified in the following pair of theorems. 


If a variable arc of a great circle, 
passing through a fixed point P, 
cut a given small circle in A and B, 
the product tan JPA tan JPB has a 
constant value (Art. 170). 


If through a variable point P on a 
fixed great circle PN the spherical 
tangents PE, FP be drawn to a 
given small circle, the product 
tan JN PE cot JN PF has a constant 
value (Art. 171). 


Ba-LTZBE, Sterometrief § iv, 17. 
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198. If through a point P great circles x and ?/ bo drawn to 
touch a small circle S at the points A and B respectively, the 
reciprocal diagram consists of a great circle y cutting a small 
circle S' in points X' and Y', at which points the spherical 
tangents to the circle S' are great circles a! and V rospectiycly. 
And it is now seen that the arc PA is equal to the angle 
that is, the angle between the great circle y and the tangent 
at X' to the small circle S' ; it is, in fact, the angle at which 
the arc y cuts the small circle. But in estimating this angle 
it is most important to bear in mind that the positive 
direction of the tangent arc o! is such that the small circle lies 




on its left-hand side. We shall define the angle as a rotation 
fromp' to a\ and reckon it positive when the rotation is in th<^ 
counter-clockwise sense ; with tins convention it appears that, 
in the figure as drawn above, the angle of intersection of tlui 
great and small circles is positive at X', negative at Y', just 
as the arc PA is in the positive direction of the great circle ;r, 
while PB is in the negative direction of the groat circle y 
Thus the convention may bo formulated as follows. Let a 
point travelling along a great circle y enter a small circle S' 
at the point Y', and emerge from it at the point X' ; the angle 
of intersection of p' and the small circle is the amount of 
counter-clockwise rotation from the great circle to the tangent 
to the small one at the point of emergence. 
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In the present figures P is represented as distant from the 
common pole of S and S' by less than a quadrant; this pole 
accordingly lies to the left of and the angle of intersection 
is acute. But if P were at a greater distance than a quadrant 
from the pole of the small circles, the pole would lie to the 
right of y (as, for instance, p" in the figure), and the angle of 
intersection would be obtuse. 

199. The angle of intersection of two small circles is the 
angle between the tangent great circles at one of their common 
points, the direction assigned to each tangent being such that 
the corresponding small circle lies to the left. Thus, for 
example, the angle of intersection of two small circles having 
internal contact is zero ; and the angle of intersection of two 
small circles having external contact is tt. 

It will readily be seen that the angle of intersection of two 
small circles is equal to the length of the external common 
tangent of their reciprocals. Thus if two circles cut ortho- 
gonally the common tangent of their reciprocals is a quadrant. 
If two circles touch internally, their reciprocals touch inter- 
nally. If two circles touch externally, the length of the 
common tangent to their reciprocals is a semicircle , so that 
the reciprocals touch the same great circle, on the same side 
of it, at diametrically opposite points 

200. All the propositions given above (Arts. 174-178), for 
circles of a coaxal system, may now be reciprocated, and we’ 
thus obtain the properties of another system of small circles on 
the sphere. We shall call this new system of circles a cohmar 
system, since all the circles belonging to it have a common 
pair of spherical tangents, real or imaginary, and may there- 
fore bo said to be inscribed in the same lune. In the left-hand 
column are given the propositions already proved and defini- 
tions already made; in the right-hand column are the recip- 
rocal propositions and definitions. 
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I. The locus of points from 
which the spherical tangents 
drawn to two given small circles 
are equal is a great circle (Art. 174) 

II. This great circle is called 
the radical circle of the tw’o given 
circles. 

III. The radical circle is ortho- 
gonal to the arc joining the poles 
of the two circles. 

IV. If A, B be the poles, a, h 
the radii of the circles, and O the 
intersection of the radical circle 
with AB, 

cos cos OB 
cos a cos& * 

V. 0 is called the axial centre 
of the two circles. 

VI. A system of circles such 
that all pairs of circles of the 
system have the same radical circle 
is called a coaxal system of circles 
(Arts. 175-178). 

VII. If A, B, C, etc be the 
poles, a, 6, c, etc. the radii of the 
circles of a coaxal system, then 

(1) A, B, C, etc. must be on the 
same great circle (the circle of 
centres). 

(2) There is a certain point O 
(the axial centre) on this great 
circle, such that 

cos OA _ cos O B _ cos 6c 
cos a "* cos 6 "" cosc 

= = ^, say. 

(3) The tangents to all circles 
of the system, from any point P 
on the radical circle, are equal. 


P. All great circles which cut 
two given small circles at the same 
angle pass through a certain pair 
of diametrically opposite points 
II'. These points are called the 
external centres, of similitude of the 
two given circles 
Iir. The centres of similitude 
lie on the great circle joining the 
poles of the two circles. 

IV'. If A, B be the poles, a, h 
the radii of the circles, and O the 
point on the great circle AB mid- 
way between the centres of simili- 
tude, 

cos OA _ cosO B 
sin a sm & ’ 

V'. O is called the lunar centre 
of the two circles. 

Vr. A system of circles such 
that all pairs of circles of the 
system have the same external 
centres of similitude is called a 
colunar system of circles 
Vir. If A, B, C etc be the 
poles, a, 6 , c, etc. the radii of the 
circles of a colunar system, then 
{!') A, B. C, etc must be on the 
same great circle (the circle of 
centres). 

(2') There is a certain point O 
(the lunar centre) on this great 
circle, such that 
cos OA_ _c^s OB _ cos OC 
smct sin 6 sine 

= .=^, say. 

(S') Any great circle p', which 
passes through the centres of 
similitude, cuts all circles of the 
system at the same angle. 
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(4) A circle with such point P 
as pole, and the common length of 
tangent as spherical radius, cuts 
all circles of the system orthogon- 
ally. 

(5) When the quantity h, defined 
above, is greater than unity, all 
the circles of the system pass 
through two real common points. 

(6) When h is less than unity 
no two of the circles intersect. 


(7) When ^ is less than unity there 
are two point circles of the system, 
that is, circles of zero radius. 
These are called the hmiting points ; 
they are symmetrically situated 
with respect to the axial centre. 

(8) The radical circle is itself a 
circle of the coaxal system. 

(9) When two circles touch, in- 
ternally or externally, the axial 
centre and the limiting points 
coincide at the point of contact, 
and all the circles of the system 
touch one another at that point, 
internally or externally. This is 
the case when ^=1; it is the 
transition case between (5) and (6). 


(4') The length of the common 
tangent of any circle of the system 
and a circle, whose pole is the pole 
of such great circle p' and radius 
the complement of the common 
angle of intersection of p' with 
the circles, is a quadrant. 

(5') When the quantity ib, de- 
fined above, is greater than unity, 
all the circles of the system have 
the same two real common tangent 
great circles. 

(6') When h is less than unity 
no two of the circles have an ex- 
ternal common tangent great circle 
(Art. 180). 

(7') When ^ is less than unity 
there are two great circles belong- 
ing to the system. These are 
called the limiting circles j they 
are symmetrically situated with 
respect to the lunar centre. 

(8') There are two point circles 
of a colunar system, namely the 
centres of similitude. 

(9') When two circles touch the 
same great circle, either at the 
same point or at points dia- 
metrically opposite to one another, 
the limiting circles of the system 
coincide with one another and 
with this great circle, and the 
lunar centre is its pole. The 
system then consists of circles 
each of which touches the limiting 
circle at one or other of two dia- 
metrically opposite points, the 
centres of similitude. Thus each 
circle of the system touches each 
other internally, or else the circle 
antipodal to it externally. This is 
the case when = 1 ; it is the transi- 
tion case between (5') and (6'), 
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VIII. The radical circles of 
three small circles, taken in pairs, 
meet in a point. 

IX. A circle may be described 
to cut three given circles or- 
thogonally. 

X. A circle can be described 
such that the tangents to it from 
three given points shall have 
given lengths. 

XI. If A, B, C be three circles 
of a coaxal system, and from a 
variable point P on C tangents 
PL, PM be drawn to A and B, 
then 

sin^^PL _ sin AC cosh 
sin^^PM ""sill BC * cosa’ 
and IS therefore constant where- 
ever P may be on the circle C. 

XII If A, B, C be three points 
on a circle, AX, BY, CZ spherical 
tangents to another circle, then 
if the sum of any two of the 
products 

sinj AX sinJBC, siniBYsin^CA, 
sin J CZ sin J AB, 

IS equal to the third, the circles 
touch. 


VIII'. The external centres of 
similitude of three small circles, 
taken in pairs, he on a great circle. 

IX'. A circle may be described 
whose distance, measured along 
an external common tangent, from 
each of three given small circles 
shall be a quadrant. 

X' A circle can be described to 
cut three given great circles at 
given angles. 

XI'. If A, B, C be three circles 
of a colunar system, and if a 
variable tangent to the circle C 
cut the circles A and B at angles 
a and /3, then 

sin^^ ft _ sin AC sinb 
sin^ 4 /3 sin B C sin a! 
and is therefore constant, what- 
ever tangent we take to the 
circle C. 

XII'. If a, 6, c be three great 
circles touching a small circle, 
and cutting another small circle 
at angles a, /3, 7 respectively, the.n 
if the sum of any two of the 
products 

sin ^ a sin i (6c), sin 4/3sm^(ca), 
sm47sin4(a6), 

is equal to the third, either the 
small circles touch one anotlier 
internally, or else one touches 
externally the circle antipodal to 
the other. 


201. It should he noticed that in the present discussion the 
circles of a coaxal system have tacitly been assumed subject 
to the restriction that their poles are never distant by more 
than a quadrant from the axial centre; and therefore also 
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the circles of a colunar system are confined to one of the lunes 
formed by two great circles. In •other words, we have con- 
templated only positive values of Ic, For, if we consider the 
equality cosOA = ^cosa, where h is positive, we notice that if 
OA > l-Tr, cos a is negative, and therefore a > Jtt. Thus we 
get a small circle of radius greater than a quadrant, and 
therefore one which has (though from a different point of 
view) been considered already in connexion with its nearer 
pole. The restriction is unnecessary, but it shortens the 
discussion By extending the original definitions, and by 
assigning an arbitrary direction of rotation to each small 
circle, instead of adhering, as we virtually have done, to the 
counter-clockwise sense, a theory could readily be built up 
which would apply (in the case of colunar systems) to 
internal as well as external centres of similitude. 

It is also to be remarked that we cannot, by making the 
radius of the sphere infinite, derive from the method of re- 
ciprocation here developed for the sphere a correspondingly 
effective reciprocation of points, lines, and circles on a plane. 
For on the sphere a diagram and. its reciprocal are in general 
removed from one another by a distance comparable with a 
quadrant, and therefore will be infinitely far apart on a sphere 
of infinite radius; consequently on a plane the reciprocal 
diagrams are infinitely distant from one another. In plane 
geometry, for example, we have coaxal circles and colunar 
circles, with properties easily deduced from those enumerated 
in Art. 200 ; but there is no obvious method of plane geometry 
by which the properties of either system can be inferred from 
those of the other. 


L.S.T 


jj 



CHAPTER XI. 

HART’S CIRCLE 

202. Hart’s theorem. It is a well-known theorem in Plane 
Geometry, usually associated with the name of Feuerbach, 
that the inscribed and escribed circles of a triangle are 
all touched by another circle, namely, the Nine Points 
Circle. An analogous theorem for spherical triangles was 
discovered by Sir Andrew Hart in 1861, and his demonstra- 
tion of it will be found in the Quarterly Journal of Mathematics 
for that year.^ It is to the effect that the inscribed circles 
of a spherical triangle and its colunar triangles are all touched 
by a fourth small circle. 

We shall hero deduce a proof of the theorem from the 
properties of a colunar system of circles, making use of the 
theorem of Art. 200 (XIP). 

203. Let ABC be a spherical triangle, in which we shall 
suppose that A is not less than B, and B not less than C. 

We have seen (Art. 200, X') that it is always possible to 
describe a small circle to cut the sides a, 5, c of the triangle 
at given angles a, /3, y; and further that, if a, /?, y satisfy 
the condition that of the three products 

sin sin |'(6, c), sin -1/5 sin a), sin Jy sin |(a, 5), 

^Extension of Terquem’s Theorem respecUng the circle which Usecta 
three aides of ct triangle, Qruirterly Journal^ Vol. IV, p. 260. 
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the sum of any two is equal to the third, then the circle 
which has been described will have either internal contact 
with the inscribed circle of the triangle, or external contact 
with the circle antipodal to the inscribed circle (Art. 200, XIT), 



Let Aq, Bq, Cq be the points antipodal to A, B, C. 

Consider now the small circle H, which cuts a, h, and c at 
angles B - C, A - C, and A - B respectively. Then, since 
(5, c) = 7r-A, the three products are 

sin |(B - C) cos |A, sin J(A - C) cos sin |(A - B) cos ; 
these are respectively equal to 

- J sin (8 - B) + 1 sin (S - C), J sin (s - C) - | sin (S - A), 

- J sin (8 - A) + J sin (S - B), 

so that the sum of the first and third is equal to the second. 
Hence the circle H touches either the incircle internally or its 
antipodal circle externally. Taking the particular case of an 
equilateral triangle, we find that the circle H and the incircle 
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coincide. Tims the former of the alternatives is that which 
appliM in the general case.'*' 

2®4. Next let us consider the triangle AB^C^, formed by the 
great circles a, -h, and -c. The same circle H cuts these 
great circles at angles 

B - C, TT - (A - C), and - (A - B) 
respectively. And therefore the products, 
sin |a sin |(- 5, - c), sin sin | {- c, a), sin iy sin |(<2, - h), 

are in this instance 

sin |(B - C) cos |A cos |(A - C) sin cos |(A - B) sin |C ; 
these are respectively equal to 

- 1 sin (S ~ B) + I sin (S - C), i sin (S - C) + J sin (8 - A), 
I sin (8 ~ A) + i sin (S - B), 

so that the sum of the first and third is equal to the second 
Hence the circle H has either internal contact with the circle 
inscnbed in the triangle AB^C^, or external contact with the 
circle antipodal to it, namely the circle inscribed in the triangle 
AgBC. Taking the particular case when ABC is equilateral, 
we see that only the latter alternative is admissible.'’^ 

205, Extending similar reasoning to the triangles AqBCq 
and A^ByC, we find that the circle H touches internally the 
circle inscribed in the triangle ABC, and externally the circles 
inscribed in its colunar triangles Thus Hart^S theorem is 
established. The circle H is called Earfs circle. 

®)6. Expression for the radius of Hart’s circle. The 
spherical radius of Hart’s circle may be found as follows 
Let p and R be the radii of Hart’s circle and the circum 
circle of the triangle ; r, the radii, and 1 , Ig, I 3 the 

♦ Thes* app«itls to a |mrticular <^se, though convincing, are somewhat 
unsatisfactory. The ambiguity has its origin in the imperfect specifica- 
tion of a mnsM circle defiberately adopted in previous chapters. See § 336. 
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poles, of the inscribed and escribed circles. Then, since the 
circle H touches these four circles, 

Hl = p-r, Hh=p-hrj, H\^:=p + r^, Hl 3 = p + r3. 


A 



Also if 2v, 2 ^ 2 , 2 v 3 be the sines of the triangles 

•• 2*35 notice that 

: V = sin Al : sin AI^^ 

= sin r : sin ; 

, 11-1 

cence v : 1 /, : Vn • Vq == : : 

^ sinr smr^ smrg sinrg 

Now applying the theorem of Art. 165, we get 

V cos HI = Vj cos HI3, + Vg cos HI2 + V3COS HI3, 

which is equivalent to 

cos(p-r) __ cos(p + r-^) ^ cos(p + rg) cos(p + r 3 ) 
sinr sinr^ sinfg sin 

Thus 4 tan p = cot + cot rg + cot - cot r 

= ~{sin(s-fl^) + sin(s-5) + sin(s-c)- sins}, (Arts. 119,120) 

71 

= 2tanR, (Art. 122) 
and therefore tan p == tan R. 

This result was first given by Dr. Salmon;* the proof of 
the present Article is that given by Dr. Casey, t 


* Qiiarterly Journal of Mathematics, 1864, Vol. VI, p. 72. 
Spherical Trigonometry, p. 82. 
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207. Another method of finding the radius of Hart’s circle. 
The value of p and the lengths of the arcs AH, BH, CH may 
be obtained simultaneously by another and more elementary 
method as follows. 

■^Pply theorem of Art. 145 firstly to the points b, A, Ig, 
H, and secondly to the points A, I, h, H ; thus we get 

cos {p + rg) sin AI3 + cos (p + r^) sin Alg - cos AH sin (A! ^ + Alg), 
cos {p - r) sin Al^^ - cos (p + r^) sin Al = cos AH sin (Al^ - Al). 

In these make the following substitutions, 


“ cos f A 

cos AI 2 = cos rg cos (s - c), cos AI 3 = 


• A I sin r. 


• * . sin r 

sin Al =r ^ 

sin 4A 


cos Al^ = cos cos 5 , cos Al = cos r cos (5 - a) , 

divide the first equality by cos p sin rg sin rg, the second by 
cos p sin 7\ sin r, and they become 

cot 9*2 + cot fg - 2 tan p 


cos AH 


{cot fg cos(s “ c) + cot rg cos (5 - J)}, 


cot - cot r - 2 tan p 

cos AH, . / . , ^ 

~ { cot r cos ( 5 -a)- cot r. cos 5}. 

cosp ‘ ^ ^ ^ ^ 

Substitution, on the right-hand sides, of 

(^tc., for cotr, cotr^, etc., reduces the equations to the still 
Bitnplor forms 

, ^ , cos AH sin a 

cot r„ + cot r„ - 2 tan p » — 

AO ' m. /TiAfl A ' 


cot f j - cot r “ 2 tan p = - 


ncosp 
cos AH sing 
nco&p 
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These may be solved simply by addition and subtraction, 
and the results are 

tan p = :|(cot + cot + cot - cot r) = -I* tan R, 

and cos AH = 4 -^ - - {cot r. + cot n - cot r. + cot r\ 

^ sina ^ ^ ^ ^ ■' 


= i-^^{sin (s - Z)) 4 - sin (s-c)- sin (^ - a) + sin s} 


"Sin a 
cos 45 cos 4c 


cos 


■a 


- cos p. 


208. Normal coordinates of H. If x, z be the lengths of 
the arcs drawn from H perpendicular to the sides of the 
triangle ABC, since, siny, and sin;^; are now readily evaluated. 

For the triangle whose corners are the foot of the perpen- 
dicular the centre of Hart’s circle, and one of its points of 
intersection with BC, is right-angled and has its angle opposite 
to X equal to the complement of B - C. 

Hence sin p cos ( B - C) = sin x (Art. 73), 

which determines sin since p is now, by the preceding Article, 
a known quantity. 


209. Let O be the point of concurrence of the altitudes of 
the triangle, G that of the medians, and H the centre of Hart’s 
circle. We shall shew that O, H, and G lie on a great circle. 

Let the perpendiculars drawn to the sides of the triangle 
from O be those from H {x, y, z\ and those from G 

(^25 ^ 2 )- Then, by Arts. 208 and 162, 

since ___ sin y _ sin z 

cos (B - C) ™ cos (C A) cos (A - B)’ 

sina?] __ siny, sin% 

cos B cos C cos C cos A cos A cos b’ 

sin Xc^ sin?/2 _ sin^^ 

sin B sin C sin C sin A ” sin A sin B* 
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Hence it follows that 

sin x = t-^ sin sin x<^, 
sin ^ sin^]^ + sin 

sin sin z^ + sin z^^ 

where \ and are certain quantities the values of which are 
not required for our purpose. 

Therefore, by Art. 146, a certain point in the same great circle 
as O and G is at the perpendicular distances x, y, z from the 
sides a, &, c respectively of the spherical triangle ; and hence 
this point must be the point O. 


210. To determine the positions of the points of inter- 
section of Hart’s circle with the sides of the triangle. 

Suppose that it intersects the side AB at points distant A, 
and /X respectively from A. 

Then by Art. 170 we have 

1 cos p - cos AH cos -ig - cos cos ^c 
an an ^ ^ 


In the same way we must have by symmetry 


tan (c — tan /x) — 


cos -|5 - cos }^c cos 


’ cos \h +• cos \c cos \a 

Substituting in the second of these the value of tan ^-A tan -1^ 
given by the first, we obtain 

+ 1 _ - cos^i}& coB^c + cos^-|5 sin^-|c 

an ^ + an ^ ^ i ^ 


cos }a - cos 1 5 cos ^c 


cos Ih sin 


cos sin c cos + cos cos 
From this and the first equality we see that 


, ^ cos la 

an-g- — cos sin -Ic ’ cos 1*^ + cos cos 


■ cos lb cos Ic 


cos lb sin |c 
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211. If Ug, Vg be tbe points defined by k and /x respectively, 
and Uj, Ug, Vg the corresponding points on the sides 
BC and CA, it is readily verified that the arcs AU^, BUg, CUg 
are concurrent in the point whose normal coordinates are 
proportional to 

sec + 2A “ S), sec |(|7r+ 2B - 8), sec + 2C - S), 

and the arcs AV^, BVg, CVg m the point whose normal coordinates 
are proportional to 

cosec|(|7r4- 2A-S), cosec KJtt-i- 2B - S), cosec |(|7r + 2C - 8). 

In the case of a triangle on a sphere of infinite radius, that 
is, a plane triangle, 8 — •Itt, and the normal {i e. trilinear) co- 
ordinates of these two points are proportional to 
sec A, sec B, sec C, 

and cosec A, cosec B, cosec C, 

respectively. The former point is then the orthocentro, and 

the latter the centre of gravity of the plane triangle. 

Thus when the triangle becomes plane, the points U^, Ug, Ug 
become the feet of the perpendiculars from opposite corners, 
and the points Vp Vg, Vg the mid points of the sides ; these 
six points, of course, lie on the Nine .Points Circle. 

Also in the case of a plane triangle the formula tan /) = I* tan R 
reduces to p = |R, a known property of the Nine Points Circle. 
These facts exemplify the remarkable analogy between Hart’s 
circle and the Nine Points Circle. 

EXAMPLES XIII. 

1. From the angle C of a spherical triangle a perpendicular is drawn 
to the arc which joins the middle points of the aides a and h : shew 
that this perpendicular makes an angle 8 — B with the side a, and an 
angle 8 - A with the side h. 

2. From each angle of a spherical triangle a perpendicular is drawn 
to the arc which joins the middle points of the adjacent sides : shew 
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that these perpendiculars meet at a point, and that if £c, y, z are th 
perpendiculars from this point on the sides a, 6, c respectively, 

sin a? siny s inz 

sm (8 - B) sin (S - C) sin (8 - C) sin (8 - A) ” sm (8 - A) sin (8- B)‘ 

3. Through each angle of a spherical triangle an arc is drawn 1 
make the same angle with one side as the jperpeiidicular on tl 
base makes with the other side . shew that these arcs meet at a poinl 
and that if x, 2/, z are the perpendiculars from this point on the sid< 
a, b, c respectively, 

sm x __ siny _ sinz 
cos A” cos B~cos C‘ 

4. Shew that the points determined in Examples 2 and 3, and tl 
pole of Hart’s circle, are on a great circle. 

State the corresponding theorem in Plane Geometrjr. 



CHAPTER XIL 

OX CERTAIN APPROXIMATE PORMULAE 

212. We shall now investigate certain approximate formulae 
which are often useful in calculating spherical triangles when 
the radius of the sphere is large compared with the lengths of 
the sides of the triangles. 

213. Given two sides and the included angle of a sjgherical 
tfiangle^ to find the angle between the chords of these sides. 



Let AB, AC be the two sides of the triangle ABC ; let 0 be 
the centre of the sphere. Describe a sphere round A as a 
centre, and suppose it to meet AO, AB, AC at D, E, F respec- 
tively. Then the angle EOF is the inclination of the planes 
OAB, OAC, and is therefore equal to A. Erom the spherical 
triangle DEF 

cos EF = cos DE cos DF + sin DE sin DF cos A ; 
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and DE = |-(7r - c), DF = ^(7r-5)^ 

therefore cos EF = sin sin \g + cos TJ cos Tc cos A (1) 


If the sides of the triangle are small compared with the 
radius of the sphere, EF will not differ much from A 3 suppose 
Ef = A- (9, then approximately 

cos EF = cos A + ^ sm A ; 

and sin sin Tc == sin^ |(& + c) - sin^ ^(5 - c), 

cos cos — cos^ + c) - sin^ ^{b - c ) ; 

therefore 

cos A + ^ sin A == sin^ |(5 + c) - sin^ i(^ - c) 

+ {1 - sin^ 1(5 + r) - sin^ ~J( 6 - c)}cos A; 

therefore 

^ sin A = (1 - cos A) sm^ {(5 + c) - (1 -h cos A) sin‘-^ \{b - c), 
therefore 0 = tan ^-A sin^ J(5 + c) - cot -i-A sin^K^ -c) (2) 

This gives the circular measure of 0 ; the number of seconds 
in the angle is found by dividing the circular measure by 
the circular measure of one second, or by multiplying by 
206265, the number of seconds in a radian. If the lengths 
of the arcs corresponding to a and b respectively be a and 

and T the radius of the sphere, we have ~ and ^ as the 
circular measures of a and b respectively , and the lengths of 
the sides of the chordal triangle are 2r sin and 2f sin ^ 

respectively. Thus when the sides of the spherical triangle 
and the radius of the sphere arc known, we can calculate the 
angles and sides of the chordal triangle 

214. Legendre^s theorem.* If the sides of a Sjpherical triangle 
are small compared with the radius of the sphere^ then each angle 

*Lbgrni)RE, M67nom'i de Paris, 1787, p 338, Trigonom6tr%e, Ap- 
pendix V. Of. Gauss, Disqumhones rjemrah^ circa superficies curvas, 
§§ 27 , 28, and Mertens, Schtdmilch’s Zeitschnft, 1875. 
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of the spherical triangle exceeds by one third of the spherical excess 
the corresponding angle of the plane triangle whose sides are of the 
same lengths as the arcs of the spherical triangle. 

Let A, B, C be the angles of the spherical triangle ; a^h^c the 
sides ; r the radius of the sphere ; a, y the lengths of the 

arcs which form the sides, so that % - are the circular 

f Y r 

measures of a, b, c respectively. Then 

^ cos a - cos 5 cos c 

cos A = ^-T—' 5 

sin 5 sin c 

now cosa=l + (3) 


. a 

Sin O' = - 
r 



(4) 


Similar expressions hold for cos 5 and sin&, and for cosc 
and sine respectively Hence, if we neglect powers of the 
circular measure above the fouith, we have 


13^ 


cos A = 


A 

24^4 


1 - 


2r2'^24rV 


7" 


+ 


&L(^ 

L-^¥ 


r^V 

^ 6rV\ 

6rV 


+ ^2 _ „ 2 ) + ^^(,4 _ ^4 _ ^ _ QI3Y) 

\ 6f2 / 

B^ + y^-ofi a* + j8^ + 7* - 2^y^ - 2y^a.^ - 2a?^ 

= — 2)37”+ ■ 


( 6 ) 
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How let A', B', C' be the angles of the plane triangle whose 
sides are a, /3, y respectively ; then 

and 

1 

2/32y2 + 2y2a2 + 2a2^2 _ ^4 _ ^4 _ y4 = 4 / 32 .y 2 giji 2 A' J 

...(6) 

thus 

COS A = cos A' - ^ 

6^-2 

....(7) 


Suppose A = A' + ^ ; then 


cos A = cos h' -6 sin A' approximately ; 


‘-^'- 1 * ( 8 ) 

where S' denotes the area of the plane triangle whose sides 
are a, /3, y. Similarly 

B=B' + |:2, and C = C' + ~; (9) 

hence approximately 

A + B4-C = A' + B' + C'+^ = r + ^; (10) 


S' 

therefore ^ is approximately equal to the spherical excess E 
of the spherical triangle, and thus it is established that 
ArrA' + J-E, B=B' + JE, C = C' + JE. 

216. It must be noticed that, if 8 denote the area of the 

S 

spherical triangle, the spherical excess is exactly equal to 

Hence S and S' are equal to one another, to the degree of 
approximation here employed. Thus the areas of the spherical 
triangle and of the plane triangle with sides of the same length 
differ from one another only by a small quantity of the order 
of the ratio that either area bears to the whole area of the 
sphere. 
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216. Approximate solution of triangles. Legendre's 
Theorem may be used for the approximate solution of spherical 
triangles in the following manner. 

(1) Suppose the three sides of a spherical triangle known; then 
the values of a, /3, y are known, and by the formulae of Plane 
Trigonometry we can calculate S' and A', B', C' then A, B, C 
are known from the formulae 





(2) Suppose two sides and the included angle of a spherical 
triangle known, for example A, I, c. Then 

S' = sin A' = ^/3y sin A approximately. 

S' 

Then A' is known from the formula A' = A - Thus in the 

plane triangle two sides and the included angle are known; 
therefore its remaining parts can be calculated, and then those 
of the spherical triangle become known. 

(3) Suppose two sides and the angle opposite to one of them in a 
spherical triangle known, for example A, a, b. Then 

S' = -la/? sin C' = ^a/B sin (A' f B') 

= ^a/3 sin (A+ B') approximately, 

and so E = ^ sin (A + B') (11) 


The angle B' is not given ; but, for the purpose of substitu- 
tion in the expression for E, its values are obtained to a 
sufficient approximation from the relation 


sin B' = 



sin A. 


When E has been obtained thus. A' is got from the formula 
A = a' + -|E, and the problem is reduced to the solution of the 
plane triangle whose elements a, /B, and A' are known. 
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(4) Suppose two angles and the included side of a sphe7ical 
triangle hiown, for example A, B, c. 


7^ sm A' sin B' sin A sin B , 
Then S = ^ r - , — ■ /a — nearly. 

9. CJ1T'* / A' _1_ R \ V. ai-n / A _L. R\ 


2 sin (A' + B') 2 sin (A + B) 


( 12 ) 


This gives the value of E, and so enables us to deduce the 
values of A' and B' from those of A and B. Hence m the 
plane triangle two angles and the included side are known. 

(5) Suppose two angles a^id the side opposite to one of them in a 
spherical triangle known^ for example A, B, a. Then 
C' = 7r-A'-B'==7r-A-~B approximately, 
a^sin B'sin C' 


and 


S'=- 


2 sin A' 


= Ja^sin B sin (A + B) cosec A, approximately. ... (1 3) 

Thus E is obtained, and the corrected values of A' and B' 
deduced from A and B in the usual manner. It only remains 
to solve the plane triangle whose elements A', B', and a are 
known. This case is free from ambiguity, because we are dealing 
only with triangles whose sides are small compared with r. 


217. The importance of Legendre’s Theorem in the applica- 
tion of Spherical Trigonometry to the measurement of the 
Earth’s surface has given rise to various developments of it 
which enable us to test the degroe-of exactness of the approxi- 
mation. Wo shall consider some of these developments. 
We have seen that the spherical excess is approximately* 

g' 

equal to and we shall begin by investigating a closer 
approximate formula for the spherical excess. 


218. To find an approximate value of the spherical excess.* 

By L’Huilier’s theorem, Art. 134, 

tan JE = [tan 1$ tan |(s - a) tan | (s - h) tan | {s - c)]^, ... (14) 


* Gauss, Disquimtioms, etc,, §2ft. 



§219] ON CERTAIN APPROXIMATE FORMULAE. 177 
and therefore, approximately, 

= i [s(s -a)(s- b)(s - c)f [1 + gi+(«-ft)^+(a-&)^ + (s-c)^J 


4tH 

thus 


1 + 


4- + C' 




Sy, <x2 + fi2 + y2\ 

-7A^+-m^) ( 16 ) 

Hence, to this order of approximation, the area of the spherical 
triangle exceeds that of the plane triangle by the fraction 
(a2 + ^2 + y2^y24rr2 of the latter. 

Another expression, which is sometimes used, is derived 
from formula (5) of Art. 132, 

sin JE = sin C sin |a sin sec |c. (17) 

For, from this, approximately 

,iniE = sinC ^/l -^,Yl Yi _ r!Y^ 

4:r\ 24^2/ V 2i7^J\ Sry 


sm 

and therefore 
E 


= #(1 + ^ 24,. (18) 

Of course ( 16 ) may be derived from ( 18 ) by substituting 
sin C' + -|E cos C' for sin C. 

219, To find a closer approximation to the value of A.* 


Since sin M cos 


JA-V- 


sin (s ~ b) sin (g - c) s(s - a) 


sm b sin c 


be 


and 


cos -^A sin -J-A' 


V sin s sin (s - 
sin b sin i 


sin (s - a) (s-h)(s-c) 


be 


* Gauss, Disquisitiones, etc., § 27 ; Claeke’s Geodesy, p. 47 . 

1..S T. M 
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therefore sin J (A - A') 

( sin {s - b) sin (s - g ) "] ^ 
8' 1 s-b * s-c I 


Jsin s 
1~‘ 


sin {s - a)) 4 


.. ..(19) 


fsinS smcl^ 

l~r-— j 

If we substitute for the square-roots of the sines expressions 
given by the approximate formula 

+ (20) 

and notice that 

52 ^ _ (s _ ly - (s - cf = 2hc, ( 21 ) 

-h (5 - ay - (s - by - (s - cy = bc{3a^ -f 5^ + c^), (22) 

(s - bfis - cy - 52(5 - af - i5c(a2 - Z)2 - c^), (23) 

we readily get 


A-A' = , 


a 2 4 . 7^2 + 7 ^ 2 > 


Now replacing S' by its value in terms of E, as given by 
result (16) of the previous Article, we finally get 

> It / . 1 r-m . 1 E/^ rtO - no . /rti’‘\ 


A=.A' + ^E + -. 


• 2a2 + ^2 y2 


220. To find an approximate value of . — 

sin B 


SinA_sina ^ 
sin B ~ sin & ^ 


hence approximately 


""V 6r2"^i20rV 

6r2^120W 

a/ a2 a* ^2 a^jS^ /S* ' 

''PV 6r2+120r*'''6r2 36r^ 36r4, 

_ar. /32-a2/ 7^2_3^2 x'| 
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221. To express cot B - cot A approximately. 

Cot B~cotA = ---r^fcos B--?!5j?cos : 

sin B\ sin A / ^ 

hence, approximately, by Art. 220, 


cot B - cot A = 


cos B - ~ cos A ~ ' cos A 

a a J 


Now wo have shewn, in Art. 214, that approximately 

^ /3J 4. y2 „ ^2 ^44 ^4 + ^4 _ 2 / 52 y 2 _ 2y2^2 _ 2a^ 

cos A ^ , 

and cos B is equal to an expression of the same type ; 

B a- - 8^ 

therefore cos B - - cos A — ^ approximately. 

a ay 

Thus cot B - cot A = - " Hi—L . — 

ay sin B ay sin B 1 2r^ 


aysinB\ 12r^ / ^ 


222. Legendre’s theorem is extensively used in practical 
geodesy, where it greatly simplifies the solution of triangles 
It is desirable, however, to enquire how far it can bo used 
with safety. 

To find an approximate value of the error in the length of 
a side of a spherical triangle when calculated by Legendre’s 
theorem. 

Suppose the side /? known and the side a required ; if E bo 
the spherical excess of the triangle, we have, by Legendre’s 


theorem, 


„sin(A--jE) 


Lot Sa be the error of the side so computed. Its value will 
depend on the value of E actually adopted, which may be 
calculated in more than one way. Wo shall simplify the 
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expression for the error as far as possible before substituting 
for E. • /A 

W 

Now approximately 

sin (A - ^E) _ sin A - -^E cos A - sin A 

sin (B - ^E) sin B - -lE cos B - sin B 


Ql T1 A I 

= 1 + ^E(eot B - cot A) + ^£2 cot B(cot B - cot A) 


j sm A 
smB 


cot B - cot A )( 1 4- -jE cot B 


Also the following formulae are true so far as terms in- 


volving : 


sm B p\ 


^2 ^ y2 _ 0^2' 


cot B - cotA = ^^(l -^ --V fr -) (31) 

aysinBV 12^2 ) ^ f 

These may be substituted in the term of first order in E ; 
while the first approximation to E, namely J^sin B, is suffi- 
cient for substitution in the terms of order E^. In the term 
which is not small we must substitute the value of 

sm B 

obtained in Art 220. 

Thus we get 

sin (A - JE) a f ^ - aV 7/3^ - 

sin{B - ^E)~ I3Y'^'~6P^V^ 60r2 Jj 


xV. 7/32 - 3 a 2 ' 

-0+^W- 


1,-Yi 1 

3^ 13V ^ 65-2 


)l2\ 0^2 _ ^2 / I^2^y2 _ 

/aysinBV 12r2 

1 a^y^sin^B — /3^ 

56 ^ j3y sin B 
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ig by /?, subtracting a, and again introducing the 
)ximation to E in the terms of order we get after 
ghtforward reduction 


Sa = 


a(/32 - a?)\ 


2E 1_ 7/52 
ay sin B ^2 60r^ 


3a2- 


.(33) 


therefore, we calculate E from the formula 

c ^ 

E _ ^ 

LS 



360?-4 


(34) 


we compute E from the equation corresponding to 
t. 218, we have 


ore the error of a is 


3/j2_a2-y2> 

24r2 


.(36) 


3a = 


_a(^2„oc2)(5y2->a2-^2) 

720f4 


(36) 


ors of 7 in the two cases are represented by cor- 
; expressions. 


ake a numerical example,* suppose the sides of a triangle 
hCQ of the earth to he a =220, j8 = 60, 7=180 miles. If we 
■ method of calculating the spherical excess the errors of the 
lea are 

5a= +0 0G8, §7= +0*026, in feet, 

e second method the errors arc 

5a = -0*031, 57 = -0*030, in feet, 
seen that the errors resulting from the use of Legbndbk’s 
very minute. 


>proxmate solution of a triangle having one side 
’"hen only one of the sides of the triangle is small 


(Ilakke’s Geodesy^ p. 49. 
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compared with the radius of the sphere, the following i 
proximations are useful; they are given by Col. Clarke 
his work on Geodesy. 

To obtain an a'p^proximate solution of a triangle right-angled at 
when a and b are given and b ts very small. 

If V denote the complement of A, it is readily seen that 
and B are in the present instance very small. 


Now 


tan B __ 1 
tan h sin a! 


and if, for brevity, we denote the right side by and expa: 
the tangents in series, we get 

whence it can be inferred that 


I = 1 + §52(1 - F) + xV5^(l - 5:2) (2 - 3 ^ 2 ). . . } (3 

Keplacing the value of h, and bearing in mmd that 
sin (a + x) = sin a{\ + x cot a), 
when the square of x is neglected, we find 

p \ 

sin(a + ^JZ)‘^cotay 

the terms omitted in the approximation being of order h^. 


Again, sin V = sin B cos a, 

therefore V = B cos a(l - -^^>2 _ _ ^4 

which, when terms in ¥ are neglected, may bo put in the foi 

V = B cos(a + ^^^cot a) (4 

Further, if c exceed a by the small quantity £c, 
cos (a + «) = cos a cos &, 

therefore x - ^hhot a - 1 + 3 cot%) cot (4 
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Thus, supposing that we may omit the fourth power of 5, 
the solution of the triangle is ; 


c- a — a — r), 

B = _l_ 

sin(fl^ + f77)’ 

90° - A = B cos (co + ^7)). 


(43) 


j 


226. To obtain an approximate solution of the oblique-angled 
triangle when A, and C are given^ and b is very small. 

In the more general case in which b is small, but C not 
a right angle, the series already employed may be used to 
find c - a. 

For tan-g-(c — a) ^ sin ^ (C — A) 

tan ” sin|-(C + A)’ 

and, if we denote the right-hand member by h, this leads to 
^ M 1 + tV^(1 - T^) + (2 - 3A2) . . }. ..(44) 


If c - be computed by this formula, b being small, and h 
numerically less than unity, the error inYolved in omitting 
the term ¥ is very small; for the greatest numerical value 
that can assume is 0-51. If then b be as 

much as 2° the term in ¥ amounts at a maximum to 0"*000022; 
it may therefore in all cases be neglected, and so we have 


_ _T sin-^(C - A) ¥ sin Osin A ) 

^ sin|-(C-i-A)( 12 sin2^(C-i-A)J* 


,(45) 


The following results, for a triangle in which h is so small that 6^ may 
he neglected, are due to Mr T. J. I’ A. Bromwich : 

c - a = 5 cos A - -J^^ot c sin^A, 'j 

Bsmc = 6sinA+^&2cotcsin2A, V (46) 

7r_0-A = 6smA cot c -H i^^in 2A (1 + 2 cot^c). J 

They afford an approximate solution when &, A, and c are given. 
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EXAMPLES XIV. 

MISCELLANEOUS EXAMPLES. 

L If the sides of a spherical triangle AB, AC he produced to B', O', 
so that BB', CC' are the semi-supplements of AB, AC respectively, 
shew that the arc B'C^ will subtend an angle at the centre of the sphere 
equal to the angle between the chords of AB and AC. 

2. Deduce Legendre’s theorem fiom the formula 

tan 2 A _ sin|(c& + 6-c)sin^(c-j-Q^-?>) 

2 sin ^ (h -f c - a) sin ^ (a -i- & -h c) 

3. If a quadrilateral ABCD be inscribed in a small circle on a sphere 
so that two opposite angles A and C may be at opposite extremities of 
a diameter, the sum of the cosines of the sides is constant. 

4. In a spherical triangle if A=B = 2C, shew that 

cos a cos = cos (c + ^a). 

5. ABC IS a spherical triangle each of whose sides is a quadrant ; P 
is any point within the triangle ; shew that 

cos PA cos PBcos PC -1- cot BPC cot CPA cot APB =0, 
and tan ABP tan BCP tan CAP= 1. 

6. If O be the middle point of an equilateral triangle ABC, and P 
any point on the surface of the sphere, then 

J (tan PC tan OA)2(cos PA -f cos PB + cos PC)^ 

= cos^PA-f cos^PB-f cos^PC-cos PBcos PC -cos PC cos PA -cos PA cos PB. 

7. If ABC be a triangle having each side a quadrant, O the pole of 
the inscribed circle, P any point on the sphere, then 

(cos PA + cos PB -f cos PC)® = 3 cos®PO. 

8. From each of three points on the surface of a sphere arcs are 
drawn on the surface to three other points situated on a great circle of 
the sphere, and their cosines are a, 6, c ; a', h', c' ; a'\ ¥, d'. Shew 
that a6 V -f a'6c" + a"b'c = db'c" 4- a'h"c + a'^bc'. 

9. From Arts 220 and 221, shew that approximately 

S' 
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10. By continuing the approximation in Art. 214 so as to include the 
terms involving shew that approximately 


A A/ ^TsiaW , ^7(a2-3^2_3y)sm2A 

+ jgQ;4 


11. From the preceding result shew that if A = A' + 0 then approxi- 
mately 

^ ^7sinAY, , a2 + 7jS2 4-77^\ 

6r2 120r2 / 

12. An equilateral triangle is described on a sphere whose radius is r, 
and each of its sides is less than a third of the circumference of a great 
circle by a small difference k. Shew that the square of a side of the 
polar triangle is 4crli>Js very nearly 


CHAPTER TTTT 

GEODETICAL OPEEATIONS. 

227. One of the most important applications of Trigono- 
metry, both Plane and Spherical, is to the determination of 
the figure and dimensions of the Earth itself, and of any 
portion of its surface. We shall give a brief outline of the 
subject, and for further information refer to the article Geodesy 
in the Encyclopaedia Britannica, to Airy’s treatise on the 
Figuie of the Eavth in the Encyclopaedia MetTopolitaTM, and to 
Colonel A. R. Clarke’s work on Geodesy^ published by the 
Clarendon Press, 1 880 . For practical knowledge of the 
details of the operations it will be necessary to study some 
of the published accounts of the great surveys which have 
been effected in different parts of the world, as for example, 
the Jccount of the measurement of two sections of the Meridional 
arc of India, by Lieut. -Colonel Everest, 1847 , or the Account 
of the Observations and Calculations of the Principal Triangulation 
in the Ordnance Survey of Great Britain and Ireland, 1868 . 

_ The Ordnance Survey, by Lieut.-Colonel T. P. White, 1886 , 
gives a popular account of the national survey, without 
technical details. 

228. An important part of any survey consists in the 
measurement of a horizontal line, which is called a base. A 
level plain of a few miles in length is selected and a line is 
measured on it with every precaution to ensure accuracy. 
Rods of deal, and of metal, hollow tubes of glass, and steel 
chains, have been used in different surveys ; the temperature 
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is carefully observed during tbe operations, and allowance 
is made for tbe varying lengths of the rods or chains, which 
arise from variations in the temperature. 

229 . At various points of the country suitable stations are 
selected and signals erected, then, by supposing lines to be 
drawn connecting the signals, the country is divided into a 
series of triangles The angles of these triangles are observed, 
that is, the angles which any two signals subtend at a third. 
For example suppose A and B to denote the extremities of 
the lase^ and C a signal at a third point visible from A and B; 
then in the triangle ABC the angles ABC and BAC are observed, 
and then AC and BC can be calculated. Again, let D be a 
signal at a fourth point, such that it is visible from C and A ; 
then the angles ACD and CAD are observed, and as AC is 
known, CD and AD can be calculated. 

230 . Besides the original hase other lines are measured in 
convenient parts of the country surveyed, and their measured 
lengths are compared with their lengths obtained by calcula- 
tion through a series of triangles from the original base. The 
degree of closeness with which the measured length agrees 
with the calculated length is a test of the accuracy of the 
survey. During the progress of the Ordnance Survey of 
Great Britain and Ireland several lines have been measured ; 
the last two are, one near Lough Foyle in Ireland, which was 
measured in 1827 and 1828, and one on Salisbury Plain, 
which was measured in 1849. The line near Lough Foyle 
is nearly 8 miles long, and the line on Salisbury Plain is 
nearly 7 miles long; and the difference between the length 
of the line on Salisbury Plain as measured and as calculated 
from the Lough Foyle base is less than 5 inches (Jn Account 
of the Ohsermtions ... page 419). 

231 . There are different methods of effecting the calculations 
for determining the lengths of the sides of all the triangles in 
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the survey. One method is to use the exact formulae of 
Spherical Trigonometry. The radius of the Earth may be 
considered known very approximately, let this radius be 
denoted by t y then, if a be the length of any arc, the circular 
measure of the angle which the arc subtends at the centre of 
the earth is a/r. The formulae of Spherical Trigonometry 
give expressions for the trigonometrical functions of a/r, so 
that a/r may be found and then a. Since in practice ajr is 
always very small, it becomes necessary to pay attention to 
the methods of securing accuracy in calculations which involve 
the logarithmic trigonometrical functions of small angles, 
{Plane Trigonometry ^ Art. 205). 

Instead of the exact calculation of the triangles by Spherical 
Trigonometry, various methods of approximation have been 
proposed ; only two of these methods however have been much 
used. One method of approximation consists in deducing 
from the angles of the spherical triangles the angles of the 
chordal triangles, and then computing the latter triangles by 
Plane Trigonometry (see Art. 213). The other method of 
approximation consists in the use of Legendre’s Theorem, 
(see Art. 214). 

232. The three methods which we have indicated were all 
used by Delambee in calculating the triangles in the French 
survey {Base du Systeme M4tngue, Tome iii, page 7). In the 
earlier operations of the trigonometrical survey of Great 
Britain and Ireland, the triangles were calculated by the chord 
method ; but this has been for many years discontinued, and 
in place of it Legendre’s Theorem has been universally 
adopted {An Account of the Olservations . . page 244). The 
triangles in the Indian Survey are stated by Lieut -Colonel 
Everest to be computed on Legendre’s Theorem. {An 
Account of the Measurement page clviit.) 

233. If the three angles of a plane triangle be observed, the 
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fact that their sum ought to be equal to two right angles 
affords a test of the accuracy with which the observations are 
made. We shall proceed to shew how a test of the accuracy 
of observations of the angles of a spherical triangle formed on 
the Earth’s surface may be obtained by means of the spherical 
excess. 


234. The area of a sjphencal triangle formed on the Earth^s sur- 
face being known in square feet, it is required to establish a rule for 
computing the spherical excess in seconds. 

Let n be the number of seconds in the spherical excess, 
s the number of square feet in the area of the triangle, r the 
number of feet in the radius of the Earth. Then if E be the 
circular measure of the spherical excess, 

5=-Er2, 

^ = 18oTo. 6Q = 20» approximately , 


therefore 


^ _ nr^ 

206265’ 


Now by actual measurement the mean length of a degree 
on the Earth’s surface is found to be 365165 feet ; thus 


7rr 


= 365155. 


With the value of r obtained from this equation it is found, 
by logarithmic calculation, that 

log 7^ = logs - 9*326774. 

Hence n is known when s is known. 

This formula is called General Eoy’s rule, as it was used by 
him in the trigonometrical survey of Great Britain and 
Ireland. Mr. Davies, however, claims it for Mr. Dalby. 
(See Hutton’s Course of Mathematics, by Davies, VoL ii. 
p. 47) 


235. In order to apply General Hoy’s rule, we must know 
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the area of the spherical triangle Now the area is not known 
exactly unless the elements of the spherical triangle are known 
exactly ^ but it is found that in such cases as occur in practice 
an approximate value of the area is sufficient Suppose, for 
example, that we use the area of the plane triangle considered 
in Legendre’s Theorem, instead of the area of the spherical 
triangle itself; then it appears from Art 218, that the error is 

approximately denoted by the fraction of the 

former area, and this fraction is less than *0001, if the sides 
do not exceed 100 miles in length. Or again, suppose we 
want to estimate the influence of errors in the angles on the 
calculation of the area ; let the circular measure of an error he 
h, so that instead of Ja/3 sin C we ought to use sin (C + h) ; 
the error then hoars to the area approximately the ratio 
expressed by h cot C. Now in modern observations h will not 
exceed the circular measure of a few seconds, so that, if C be 
not very small, h cot C is practically insensible. 

236 . In geodetical operations the largest triangles prac- 
ticable for observations are so small compared with the earth’s 
surface that their spherical excess does not as a rule amount 
to many seconds. It requires a triangle containing about 76 
square miles to produce one second of excess. In a few of the 
greatest triangles of the English survey the excess is more 
than 30 seconds ; the maximum reached was 64 seconds. 

237 . The following example was selected by Woodhousb 
from the triangles of the English survey, and has been adopted 
by other writers. The observed angles of a triangle being 
rospoetively 42"" 2' 32", 67“ 55' 39", 70“ 1' 48", the sum of 
the errors made in the observations is required, supposing the 
side opposite to the angle A to bo 27404*2 feet. The area is 

calculated from the expression General 
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Roy’s rule it is found that ^i=*23. Now the sum of the 
observed angles is 1 80“ - 1", and as it ought to have been 
180“ + 0"*23, it follows that the sum of the errors of the obser- 
vations is r" 23. This total error may be distributed among 
the observed angles in such proportion as the opinion of the 
observer may suggest; one way is to increase each of the 
observed angles by one-third of 1"*23, and take the angles 
thus corrected for the true angles. 

238. An investigation has been made with respect to the 
form of a triangle, in which errors in the observations of the 
angles will exercise the least influence on the lengths of 
the sides, and although the reasoning is allowed to be vague 
it may be deserving of the attention of the student. Suppose 
the three angles of a triangle observed, and one side, as a, 
known, it is required to find the form of the triangle in order 
that the other sides may be least affected by errors in the 
observations. The spherical excess of the triangle may be 
supposed known with sufficient accuracy for practice, and 
if the sum of the observed angles does not exceed two right 
angles by the proper spherical excess, let these angles be 
altered by adding the same quantity to each, so as to make 
their sum correct. Let A, B, C be the angles thus furnished 
by observation and altered if necessary; and let 3A, Sb, 
and So denote the respective errors of A, B, and C. Then 
6A + SB + SC = 0, because by supposition the sum of A, B, and C 
is correct. Considering the triangle as approximately plane, 
the true value of the side c is 

a sin (C + 8C) , . fl^sin(C + 3C) 

sin (A + SA) ’ ^ sin (A ~ SB - SC)* 

Now approximately 

sin (C + Sc) = sin C - 1 - SC cos C, 

sin (A - SB - Sc) == sin A — (SB -1- SO) cos A. 
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Hence approximately 

c = 1 H- 8C cot C} {1 - (SB + SC) cot A}-i 

smA *■ JIN 


_ a sin C 
sin A 


{1 -f SB cot A + SC (cot C + cot A)}, 


and cot C -f cot A = 


sin(A + C)_ sinB 


* sin A sin C sin A sin C 
Hence the error of c is approximately 
a sin a sin C cos A. 

Similarly the error of h is approximately 
a sin Cgg a sin B cos A ^^ 


- approximately. 


sm^ A 


sin- A 


Now it is impossible to assign exactly the signs and magni- 
tudes of the errors SB and SC, so that the reasoning must be 
vague. It is obvious that, to make the error small, sin A must 
not bo small. And as the sum of SA, SB, and SC is jzero, two 
of them must have the same sign, and the third the opposite 
sign ; we may therefore consider that it is more probable that 
any two, as SB and SC, have diflbrent signs, than that they have 
the same sign. 

If SB and SC have different signs the errors of I and c will 
bo loss when cos A is positive than when cos A is negative; 
A thorolbro ought to 1)C loss than a light angle. And if SB 
and SC are prolialily not very diflerent, B and C should be 
nearly cupial. Those conditions will bo satisfied by a triangle 
dillbring not much from an o(iuilatoral triangle. 

If two angles oidy, A and B, be observed, we obtain the 
same cxpressionB as before for the errors in h and c ; but we 
have IK) reaBon for conBidering that SB and SC are of different 
Bigns rather than of the same sign. In this case, then, the 
supposition that A is a right angle will probably make the 
errors smallest. 
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239 . The preceding article is taken from the Treatise on 
Trigonometry in the Encyclopaedia, Metropolitana, The least 
satisfactory part is that in which it is considered that SB and 
Sc may be supposed nearly equal; for since SA + Sb + SC = 0, 
if we suppose SB and Sc nearly equal and of opposite signs, 
we do in effect suppose Sa = 0 nearly ; thus in observing three 
angles, we suppose that in one observation a certain error is 
made, in a second observation the same numerical error is 
made but with an opposite sign, and in the remaining obser- 
vation no error is made 

240 . We have hitherto proceeded on the supposition that 
the Earth is a sphere ; it is however approximately a spheroid 
of small eccentricity. For the small corrections which must 
in consequence be introduced into the calculations we must 
refer to the works named in Art. 227. One of the results 
obtained is that the error caused by regarding the Earth as a 
sphere instead of a spheroid increases with the departure of 
the triangle from the well-conditioned or equilateral form {An 
Account of the Observations .. page 243). Under certain circum- 
stances the spherical excess is the same on a spheroid as on a 
sphere {Figure of the Earth in the Encyclopaedia Metropohtana, 
pages 198 and 215). 

241 . In geodetical operations it is sometimes required to 
determine the horizontal angle between two points, which are 
at a small angular distance from the horizon, the angle which 
the objects subtend being known, and also the angles of 
elevation or depression. 

Suppose OA and OB the directions in which the two points 
are seen from 0 ; and let the angle AOB be observed. Let OZ 
be the direction at right angles to the observer's horizon; 
describe a sphere round O as a centre, and let vertical planes 
through OA and OB meet the horizon at OC and OD respec- 
tively : then the angle COD is required. 

L.S.T. 
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Let AOB=^, COD = <9 4-aJ, AOC = A, BOD==)^;; from t 
triangle AZB 

cos 6 — cos ZA cos ZB cos 0 - sin li sin h 


cos AZB = 


sin ZA sin ZB cos A cos k 

and cosAZB = cosCOD = cos(<9 4-aj); thus 

, . . cos ^ - sin A sin k 

cos(^H-^)= 



This formula ts exact , by approximation we obtain 

. cos 0 - Ilk 

cos0-xsin6*=j--p^, 


therefore 

and 


ir sin ^ = hk - \ (A^ + A^) cos 6, nearly, 

m. - (A2 + ¥) (cos2 IB-- sin2 1 B) 
2sm(f 

= J (A + k)^ tan ^ 0 - |(A - ky cot ^B, 


This process, by which wo find the angle COD from 
angle AOB, is called reducing an angle to the horizon. 



CHAPTER XIV. 

OX SMALL VAEIATIONS IN THE PARTS OP A 
SPHERICAL TRIANGLE. 

242. It is sometimes important to know what amount of 
error will be introduced into one of the calculated parts of a 
triangle by reason of any small error which may exist in the 
given parts. We shall here consider an example. 

243. A side and the opposite angle of a spherical triangle 
remain constant : determine the connexion between the small 
variations of any other pair of elements. 

^ ^iid c to remain constant. 

(i) Required the connexion between the small variations of 
the other sides. ^ We suppose a and I to denote the sides of 
one triangle which can be formed with C and c as fixed 
elements, and a + ^a and 6 + 55 to denote the sides of another 
such triangle ; then we require the ratio of 5a to 56 when both 
are extremely small We have 

cos c = cos a cos 6 + sin a sin 6 cos C, 
and cos c = cos {a + 5a) cos (6 + 56) + sin (a 5a) sin (6 + 56) cos C ; 
cos (a + 5a) = cos a ~ sin a Sa, nearly, 
sin (a + 5a) = sin a + cos a 5a, nearly, 
with similar formulae for cos (6 + 56) and sin(6 + 56). (See 
Plane Trigonometry, Chap, xii.) Thus 

cos c = (cos a - sin a 5a) (cos 6 - sin 6 56) 

+ (sin a + cos a 5a) (sin 6 + cos 6 86) cos C. 
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Hence by subtraction, if we neglect the product Sa Sh, 

0 - 8a (sin a cos 5 - cos a sin b cos C) 

+ 85(sin b cos a - cos 5 sin a cos C) ; (1 ) 

this gives the ratio of Sa to 86 m terms of a, 6, C. We may 
express the ratio more simply in terms of A and B by use of 
formulae of the type of (19), Art. 52 , for we thus get 
Sa sin c cos 8 + 86 sin c cos A = 0, 

or 8co cos B + 86 cos A = 0 (2) 

(ii) Required the connexion between the small variations of 
the other angles. In this case we may, by means of the polar 
triangle, deduce from the result just found that 

8a cos 6 + 8 b cos a = 0 ; (3) 

this may also be found independently as before. 

(ill) Required the connexion between the small variations of 
a side and the opposite angle (A, a). 

Here sin A sin c = sin C sin a, 

and sin (A + 8A) sm c = sm C sin {a + 8a) ; 

hence by subtraction 

cos A sin c 8 a = sin C cos a 8a, 

and therefore 8 a cot A = 8a cot a (4) 

(iv) Required the connexion between the small variations of 
a side and the adjacent angle (a, B). 

W e have cot C sin B = cot c sin a - cos B cos a ; 
proceeding as before, we obtain 

cot C cos B 8B = cot c cos a 8a + cos B sin a 8a + cos a sin B 8B ; 
therefore 


(cot C cos B ~ cos a sin B) 8b = (cot c cos a + cos B sin a) 8a ; 


therefore 


cos A 
sin C 


cos 6 . 

Sq = -. — 8a: 
sm c 


therefore 8b cos A = - Sa cot 6 sin B (5) 

This result may be obtained more briefly by eliminating 8A 
from the relations (3) and (4). 
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244. Wlien all tlie elements of a spherical triangle undergo 
slight changes, to find relations connecting these small 
variations. 

This is the most general problem ; we may derive from it 
results suitable to any particular problem by substituting zero 
for the variations of those elements which remain constant. 

Let us take the three equalities of the type 

cos a — cos h cos c + sin 5 sin c cos A, (6) 

and treat them by the method exemplified in the previous 
article, allowing however for variation of all the elements. 
We thus get the following equations : 

— cos C 85 - cos B 8c = sin h sin C 8 a, 

- cos C 8a + 85 •“ cos A 8c = sin c sin A 8 b, 

-- cos B 8a ~ cos A 85 + 8c = sin a sin B8C. 

These relations may be regarded as fundamental ; from them 
it is easy to derive by elimination a relation between the 
variations of any four of the elements of the triangle. 

245. Geometrical method. The geometrical method of evalu- 
ating small variations is useful (particularly in astronomical 
problems) and instructive ; we shall illustrate it by an example 



The side c of a spherical triangle undergoes a small variation 8c, 
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while the lengths of the other sides remain unaltered ; it is required 
to find the changes produced in the angles A, B, and C. 

Let ABC be the triangle having the sides a, 5, c, and A'BC 
the triangle on the sanae base BC, having the sides 5, c + Sc. 
Then the angles of the former triangle being A, B, C, those of 

A 

the latter will be A + SA, B + SB, C + SG, so that ACA' = SC, and 
ABA'= - SB. 

Draw the arc AN perpendicular to BA'. In the right-angled 
triangle AN B sin AN = sin AB sm ABN, 
and tan BN = tan AB cos ABN ; 

and consequently, when small quantities of the order of SB^ 
are neglected, AN = - SB sin c, 

BN = c, 

and therefore also NA' = BA' - BN = Sc. 

In a similar manner, since CA = CA', it is readily seen, by 
drawing the arc through C perpendicular to and bisecting AA', 
that AA' = SC sin b. 

Thus the great-circle arc AA' is very approximately coincident 
with the corresponding arc of the small circle having centre C 
and radius CA ; and therefore the angles CAA' and CA'A are 
approximately right angles. And so, to a first approximation, 

NAA' = A. 


The triangle ANA' has its sides so small that it may be 
regarded as a plane triangle, so that 

AN = NA' cot A, AA' = NA' cosec A 
Substituting in these results the values of AN, NA', and AA' 
obtained above, we get 

8b= — 8c cot a cosec c, 

and 8C = 8c cosec A cosec 5 ; I 

while, from analogy with 8b, j ^ 

8a = — 8c cot B cosec c. ; 


These agree with the results found by putting 8(i = 0, 85 = 0 

in (7). 
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EXAMPLES XV. 

1. In a spherical triangle, if C and c remain constant while a and h 
receive the small increments da and 5h respectively, shew that 

da dh at, sin C 

^^(1 -vi^sin^a) ^/(l -w^sin^ft)” ’ ^ ^~sinc’ 

2. If C and c remain constant, and a small change he made in a, 
find the consequent changes in the other parts of the triangle. Pind 
also rhe change in the area. 

3. Supposing A and c to remain constant, prove the following 
equations connecting the small variations of pairs of the other elements : 

sm C 5& = sma SB, 56sinC= - SCtana, 5a tan 0=58 sin a, 

5atanC= -SCtana, 5BcosC=5a, 5Bcosa='-5C. 

4. Supposing h and c to remain constant, prove the following 
equations connecting the small variations of pairs of the other elements • 

5B tan C = 5C tan B, 5acotC= ~5B sina, 

da=dA sin c sin B, dA sm B cos C= - 5B sm A. 

5. Supposing B and C to remain constant, prove the following 
equations connecting the small variations of pairs of the other elements : 

56 tan c=5c tan &, 5Acot c=56sm A, 

dA — da sin 6 sin C, da sin B cos c = 56 sin A. 


6. If A and C are constant, and 6 he increased hy a small quantity, 
shew that a will be increased or diminished according as c is less or 
greater than a quadrant. 


CHAPTER XV. 


ON THE CONNEXION OF FORMULAE IN PLANE AND 
SPHERICAL TRIGONOMETRY. 

246. The student must have perceived that many of the 
results obtained in Spherical Trigonometry resemble others 
vnth which he is familiar in Plane Trigonometry. This 
resemblance has been abundantly exemplified in the preceding 
pages, especially in Chapters viii. and ix. We shall now 
shew how we may deduce formulae in Plane Trigonometry 
from formulae in Spherical Trigonometry, and shall in- 
vestigate a few more theorems in Spherical Geometry, which 
are of interest principally on account of their connexion with 
known results in Plane Geometry. 

247. From any formula in Spherical Trigonometry involving 
the elements of a triangle, one of them being a side, it is required 
to deduce the corresponding formula in Plane Trigonometry.* 

Let a, y be the lengths of the sides of the triangle, r the 

radius of the sphere, so that % 1- are the circular measures 

^ ^ 

of the sides of the triangle ; expand the functions of p ^ ^ 

which occur in any proposed formula in powers of p ^ 

respectively ; then, if we suppose r to become indefinitely 
great, the limiting form of the proposed formula will be a 
relation in Plane Trigonometry. 


^Laoeakoe. 
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For example, in Art. 214, from tlie formula 

. cos a - cos h cos c 

cos A= . ■ r— 

sin 0 sin c 

we deduce 

/32 + ^2 ^ cc2 _ + ^4 4 . .y4 _ 2/52y2 _ 2y2^2 _ 2a2/52 

cos A- ^ •+ 24^8772 

now suppose r to become infinite ; then ultimately 


cos A==- 


2^y 


and this is the expression for the cosine of the angle of a 
plane triangle in terms of the sides. 

Again, in Art. 220, from the formula 
sin A sin a 


we deduce 


sin B sin I 

sin A _ a a(IS^-a^) 


now suppose r to become infinite ; then ultimately 
sin A __ a , 
sin B ^ /5 ^ 

that is, in a plane triangle the sides are as the sines of the 
opposite angles. 


248. To find the equation to a small circle of the sphere. 


p 



Let O be the pole of a small circle, S a fixed point on the 
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sphere, SX a fixed great circle of the sphere. Let OS = a, 
OSX — /3; then the position of O is determined by means of 
these angular coordinates a and /5. Let P be any point on 
the circumference of the small circle, PS = 0, PSX = so that 
0 and are the angular coordinates of P. Let OP=r. Then 
from the triangle OSP 

cos r = cos a cos 0 + sin a sin ^ cos ((jf) ~ /5) ; (1) 

this gives a relation between the angular coordinates of any 
point on the circumference of the circle 

If the circle be a great circle then r = , thus the equation 

becomes 

0 = cos a cos ^ + sin a sin ^ cos (<ji> - /5) (2) 

It will bo observed that, in the particular case in which the 
sphere is the Earth, and S the north or south pole, the angular 
coordinates here used are readily expressible in terms of the 
latitude and longitude which serve to determine the positions of 
places on the Earth’s surface ; 0 is the complement of the latitude 
and is the longitude. 


249. Equation (1) of the preceding Article may be written 
thus cos t (cos‘^ + sin^}^) 

= cos a (cos‘^J^ - sin2|0) ^ 2 ct sin \6 cos '|•0cos(</) - /?). 

Divide by cos^ J 0 and rearrange ; hence 
tan^|0(cos r + cosa) - 2 tan J^sin acos(<^“-^) + cosr *" cosa=0. 

Lot tan|^jL and tan |^2 denote the values of tan|^ found 
from this quadratic equation ; then 

. B. ^ cos r- cos a ct + r a-r 

tan tan ~ = tan tan — ^ — 

2 2 cos r + cos a 2 2 


Thus the value of the product tan|^itan |^2 indepeidml 
of </) ; this result corresponds to the well-known property of a 
circle in Plane Geometry which is demonstrated in Euclid xii, 
36. (Cf. Art 170,) 
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250. To find tlie locus of the vertex of a spherical triangle 
of given base and area. (Of. Art. 153.) 

Let AB be the given base (of length c), AC = 6, BAG = 
Since the area is given the spherical excess is known ; denote 
it by E; then by Art. 132, (6) and (7), 

sin(<^> - JE) = cot \d cot sin |E, 
therefore 2 cot \c sin ^E cos^J^ = sin 0 sm{cj> - ^E), 
therefore 

cos 6 cot |c sin |E + sin 0 cos (4>-^E + Jtt) = - cot sin JE. 

Comparing this with equation (1) of Art 248, we see that 
the required locus is a circle. If we call a, /3 the angular co- 
ordinates of its pole, we have 

^ 1 tan l-c 

tan a = — .j ; f^, 

cot sin JE sin ^E 

It may be presumed from symmetry that the pole of this 
circle is in the great circle which bisects AB at right angles ; 
and this presumption is easily verified. For the equation to 
that great circle is 

0 = cos 6> cos ( Jtt - \c) sin d sin (^tt - ^c) cos {4> - tt), 
and the values ^ = a, ^ satisfy this equation. 

251. To find the angular distance between the poles of the 
inscribed and circumscribed circles of a triangle. 

Let P denote the pole of the inscribed circle, and Q the pole 
of the circumscribed circle of a triangle ABC ; then PAB = ^-A, 
by Art. 119, and QAB = S - C, by Art. 122 ; hence 

cos PAQ = cos ^ (B - C) ; 

and cos PQ = cos PA cos QA + sin PA sin QA cos J (B - C). 
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Now, by Art. 73 (see the figure of Art. 119), 

cos PA = cos PE cos AE = cos r cos (5 - a), 


thus 


. smPE sinr 

sinPA= ^ 

sm PAE sin JA 


cos PQ = cos R cos r cos (s -■ a) + sin R sin r cos J ( B - C) cosec ]A, 
Therefore, by Art. 63, 

cos PQ = cos R cos r cos (s - a) + sin R sin r sin ^ (b + c) cosec 
therefore 


cos PQ 
cos R sm r 


= cot r cos (s - a) 4- tan B sin (h + c) cosec 
2 sin ha sin lb sin he 


Now cotr = ^^^, tan R = '^ ^ 

n ’ 

therefore 


cos PQ 1 

corR sinr = « cos (s - a) + 2 sin -^{b + c) sin | J sin | c } 

= ^(sin 4 sm 5 + sin c). 


^ a + sin J + sin cf - 1 

= (cot r + tan R)2 (by Art. 1 24) ; 
therefore cos^PQ = cos^R sinV + cos2(R - r), 

a-od sin^PQ = sin^(R ~ r) — cos^R sinV. 

The limiting form of this equality, when the triangle is 
plane, is clearly 

PQ2 = (R-r)2-r2 

= R2-2Rr, 

a well known result. 


252. To find the angular distance between the pole of 
the circumscribed circle and the pole of one of the escribed 
circles of a triangle. 

Let Q denote the pole of the circumscribed circle, and Q, 
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the pole of the escribed circle opposite to the angle A. Then 

it may be shewn that QBQ^^ = Jtt -h J(C - A), and 

cos QQj = cos R cos r^cos (s - c) - sin R sin r^j^sin ^ (C - A) sec 

= cos R cos r^^cos (s - c) - sin R sin r^sin J {c - a) cosec p. 
Therefore 

= cot r, cos (s - c) - tan R sin i (c - a) cosec J-5 ; 
Rinfj^cosR i ^ / 

by reducing as in the preceding Article, the right-hand 
member of the last equation becomes 

~(sin 5 + sin c - sin a) ] 

hence _ i = (tan R - cob r^)^, (Art. 1 24) ; 

VcosRsinri/ ^ 1/ » \ 

therefore cos^QQj^ = cos^R sinV^ + cos^(R - 1 - 

and sin^QQ^ = sin‘^(R ■+• 7q) - cos-R sin%. 

For a plane triangle 

QQ\ = (R+ri)2-r2^. 

EXAMPLES XVI 

1. From the formula — ^siiffe sl n ^ — deduce the ex- 

. , r. •. . 1 1 sill B sin C , 

pression for the area of a plane triangle, namely — 2 gin A — ’ wnen 

the radius of the sphere is indefinitely increased. 

2. Two triangles ABC, ahc, spherical or plane, equal in all respects, 
differ slightly in position : show that 

cos AB6 cos BCc cos CAa+cos ACc cos CB& cos BAa=0. 

3. Deduce formulae in Plane Trigonometry from Napier’s analogies. 

4. Deduce formulae in Plane Trigonometry from Delambre’s 
analogies. 

5. From the formula cos4ccos4(A+ B) = siniCcosi(a-h5) deduce 
the area of a plane triangle in terms of the sides and one of the angles. 
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6. What result is obtained from Example VI, 7, by supposing the 
radius of the sphere infinite ? 

7. If one angle of a spherical triangle remains constant while the 
adjacent sides are increased, shew that the area and the sum of the 
angles are increased. 

8. If the arcs bisecting two angles of a spherical triangle and ter- 
minated at the opposite sides are equal, the bisected angles will be 
equal provided their sum be less than 180°. 

[Let BOD and COE denote these two arcs which are given equal. 
If the angles B and C are not equal suppose B the greater. Then CD 
is greater than BE by Art. 67. And as the angle OBC is greater than 
the angle OCB, therefore OC is greater than OB; therefore OD is 
greater than OE. Hence the angle ODC is greater than the angle 
OEB, by Example 7. Then construct a spherical triangle BCF on 
the other side of BC, equal to CBE. Since the angle ODC is greater 
than the angle OEB, the angle FDC is greater than the angle DFC; 
therefore CD is less than CF, so that CD is less than BE. See the 
corresponding problem in Plane Geometry in the Appendix to Exiclid. 
page 317.] 



CHAPTER XVI. 


POLYHEDRONS. 

253. A polyhedron is a solid bounded by any number of 
plane rectilineal figures which are called its faces. A poly- 
hedron is said to be regular when its faces are similar and 
equal regular polygons, and its solid angles equal to one 
another. 

264. If S U the n<umber of solid angles in any polyhedron, 
F the number of its faces, E the number of its edges, then 

8-l-F = E + 2. 

Take any point within the polyhedron as centre, and 
describe a sphere of radius r, and draw straight lines from 
the centre to each of the angular points of the polyhedron ; 
let the points at which these straight lines meet the surface 
of the sphere be joined by arcs of great circles, so that the 
surface of the sphere is divided into as many polygons as the 
polyhedron has faces. 

Let s denote the sum of the angles of any one of these 
polygons, m the number of its sides; then the area of the 
polygon is {s - (m - 2 ) tt} by Art. 1 29. The sum of the areas 
of all the polygons is the surface of the sphere, that is, iirr'^. 
Hence, since the number of the polygons is F. we obtain 
4t = & — 7r2m -F 2F7r. 

Now Ss denotes the sum of all the angles of the polygons, 
and is therefore equal to 27r x the number of solid angles, that 
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is, to 27rS ; and 2m is equal to tlie number of all the sides of 
all the polygons, that is, to 2E, since every edge gives rise to 
an arc which is common to two polygons. Therefore 
4:7r — 27rS — 27rE + 2F7r ; 
therefore 8 + F = E + 2. 

255 . There can he only five regular polyhedrons. 

Let m he the number of sides in each face of a regular poly- 
hedron, n the number of plane angles in each solid angle ; 
then the entire number of plane angles is expressed by mF, or 
by nSj or by 2E , thus 

mF = nS = 2E, and S + F=E + 2, 
from these equations we obtain 

^ 4m 2m7^ P _ 4w 

These expressions must be positive integers, we must there- 
fore have 2 (m + n) greater than mn ; therefore 

-1 + 1 must be greater than 1 ; 
m n 2 

but n cannot be less than 3, so that 1 cannot be greater than 

1 1 ^ I 

and therefore ~ must be greater than ^ ; and as m must be 

an integer and cannot be less than 3, the only admissible 
values of m are 3, 4, 5. It will be found on trial that the 
only values of m and n which satisfy all the necessary con- 
ditions are the following : each regular polyhedron derives its 
name from the number of its plane faces. 


m 

n 

S 

E 

F 

Namo of Regular Polyhedron 

3 

3 

4 

6 

4 

Tetrahedron or regular Pyramid. 

4 

3 

8 

12 

6 

Hexahedron or Cube. 

3 

4 

6 

12 

8 

Octahedron. 

5 

3 

20 

30 

12 

Dodecahedron. 

3 

5 

12 

30 

20 

Icosahedron. 
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It will be seen that the demonstration establishes some- 
thing more than the enunciation states ; for it is not assumed 
that the faces are equilateral and equiangular and all equal. 
It is in fact demonstrated that, there cannot he mm'e than five 
solids each of which has all its faces with the same number of sides, 
and all its solid angles foimed with the same number of filane 
angles. 

256. The sum of all the filane angles which form the solid angles 
of any polyhedron is 2 (8 - 2)7r. 

For if m denote the number of sides in any face of the poly- 
hedron, the sum of the interior angles of that face is (m- 2)7r 
by Euclid I, 32, Cor. 1. Hence the sum of all the interior 
angles of all the faces is - 2)7r, that is 2m7r - 2F7r, that is 
2(E - F)7r, that is 2(8 ~ 2)7r. 

257. To find the inclination of two adjacent faces of a regular 
polyhedron. 


C 



Let AB be the edge common to the two adjacent faces, C 
and D the centres of the faces, bisect AB at E, and join CE 
and DE ; CE and DE will be perpendicular to AB, and the 
angle CED is the angle of inclination of the two adjacent faces; 
we shall denote it by i In the plane containing CE and DE 
draw CO and DO at right angles to CE and DE respectively, 
and meeting at 0; about O as centre describe a sphere 

li.S T, Q 
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meeting OA, OC, OE at a,, c, e respectively, so that cm forms a 
spherical triangle. Since AB is perpendicular to CE and DE, 
it is perpendicular to the plane CED, therefore the plane AOB 
which contains AB is perpendicular to the plane CED ; hence 
the angle cea of the spherical triangle is a right angle. Let m 
be the number of sides in each face of the polyhedron, n the 
number of the plane angles which form each solid angle. 

• 27r TT 

Then the angle ac6 = ACE = -^ = — : and the angle cm is half 
® 2m ° 

one of the n equal angles formed on the sphere round a, that 
From the right-angled triangle cm 
cos cm = cos ce sin ace^ 

TT /tT i\ . TT 

n \2 2J m 


. 2tT TT 

IS, cae 

2n n 


that is, 


therefore 



2?8. To find the radii of the inscribed and circumscribed spheres 
of a regular folyhedron. 

Let the edge AB = ^t, let OC = r and OA= R, so that r is the 
radius of the inscribed sphere, and R is the radius of the 
circumscribed sphere. Then 

CE = AE cot ACE = ~ cot 

2 rri 

r = CE tan CEO = CE tan^ =5 cot tan 1 ; 

2 2m 2 

r=RcosaOc = Rcotgcacot gac=Rcot~ cot- ; 

m n 

R = r tan - tan - = - tan 5 tan 
^ V' ^ 2 n 


also 

therefore 
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259 . To find the surface and wlume of a regular ^polyhedron. 
The area of one face of the polyhedron is ^^cot^, and 

therefore the surface of the polyhedron is cot 

Also the volume of the pyramid which has one face of the 

polyhedron for base and O for vertex is ^ ^ cot and 

3 4 m 

therefore the volume of the polyhedron is cot-. 

12 m 

260 . To find the volume of a parallelepijoed in terms of its edges 
and their inclinations to one another. 

r 



Let the edges he OA = tt, OB=:&, OC = c; lot the inclinations 
be BOC = a, C0A = /3, AOB — y. Draw CE perpendicular to the 
plane AOB meeting it at E. Describe a sphere with O as 
centre, meeting OA, OB, OC, OE at a, b, c, e respectively. 

The volume of the parallelepiped is eciual to the product of 
its base and altitude = ah sin y . CE == abc sin y sin cOe, The 
spherical triangle cae is right-angled at e ; thus 
sin ce = sin ca sin cae = sin /? sin cab, 
and from the spherical triangle cab (by Art. 45) 

sin cab = \/(^ "“ ^ "• cos^ y + 2 cos a cos (i cos y) . 

sin ^ sin y " ^ 

therefore the volume of the parallelepiped 

= abefil - cos*^a — cos^ fB — cos^ y + 2 cos a cos /3 cos y). 
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261. To find the diagonal of a parallelepiped in terms of the 
three edges which it meets and their inclinations to one another. 

Let the edges be OA~a, OB = Z>, OC = c; let the inclinations 
be BOC = a, COA = /5, AOB = y. Let OD be the diagonal re- 
quired, and let OE be the diagonal of the face OAB. Then 
OD2 = OE2 + ED2+ 20E. ED cos COE 

= + ^2 2ab cos y + c^+2c. OE cos COE. 

Describe a sphere with O as centre meeting OA, OB, OC, OE 
at a, b, c, e respectively ; then, by Art. 143, (11), 


C 



cos COE = cos ce = 


therefore 


cos cb sin ae + cos ca sin be 
sin ab 

cos g sin APE + cos /3 sin BOE 
siny 


OD2 — ^2 + 52^^2^2a5cos7+^^jj^(cosasinAOE -fcos/^sin BOE)* 

and OE sin AOE = b sin y, OE sin BOE = a sin y, 
therefore O = (^2 _j_ ^ ^2 _j. 2bc cos a + 2ca cos jS + 2ab cos y. 


262. To find the volume of a tetrahedron. 

A tetrahedron is one-sixth of a parallelepiped which has the 
same altitude and its base double that of the tetrahedron ; 
thus if the edges and their inclinations are given we can take 
one-sixth of the expression for the volume in Art. 260. The 
volume of a tetrahedron may also be expressed in terms of its 
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six edges; for in the figure of Art. 260 let BC = a, CA = 5, 
AB = c, OA = Or' , OB = b', OC = d then 


5'2 _j^ ^'2 _ ^2 


c'2 + a'2-Z>2 


_}_ 1'2 _ ^2 


_ cosa-:-^2W-^> = = 

if these values are substituted for cos a, cos /3, and cos y in the 
expression obtained in Art 260, and the factor abc replaced 
by a'b'c’ in accordance with the altered notation, the volume of 
the tetrahedron will be expressed in terms of its six edges. 

The following result will be obtained, in which V denotes 
the volume of the tetrahedron, 

144 V^= 


+ (b^ + c^ -a^) + }^b'^ + c%'2 (ofi + V^- c®) 

- («'2 _ 5'2) - c '2) _ J 2 ( J '2 _ ^'2) ( J '2 _ a '2) 

-c2(c'2-a'2)(c'2-5'2). 

Thus for a regular tetrahedron we have 144 = 2a®. 

263. If the vertex of a tetrahedron be supposed to be 
situated at any point in the plane of its base, the volume 
vanishes ; hence, if we equate to zero the expression on the 
right-hand side of the equation just given, we obtain a relation 
which must hold among the six straight lines which join four 
points taken arbitrarily in a plane. 

Or we may adopt Carnot’s method, in which this relation is 
established independently, and the expression for the volume 
of a tetrahedron is deduced from it; this we shall now shew, 
and we shall add some other investigations which are also 
given by Carnot. 


264. To f/nd the relation holding among the lengths of the six 
straight lines which join four poirds taken arbitrarily in a plane. 

Let A, B, C, D be the four points. Let BC=<}, CA = J, 
AB = c; also let DA = a', DB = J', DC = c'. 

If D falls within the triangle ABC, the sum of the angles 
BDC, CDA, ADB is equal to four right angles; these angles 
being denoted by 6, <^, \j/, and their sum by 2tr, it follows 
that sin a- = 0. 
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If D falls without the triangle ABC, one of the three angles 
at D is equal to the sum of the other two, that is to say, one 
of the quantities o- — cr — o- - vanishes. 

Therefore, whether D be inside or outside, 

0 = 4 sin cr sin(cr — 6) sin (o- - (j>) sin(o- - \p) 

= 1 - cos^^ - cos^cjt - cos^^^ + 2 cos 6 cos 4> cos \j/. 

Now cos ^ = + and the other cosines may he 

expressed in a similar manner ; substitute these values in the 
above result, and we obtain the required relation, which after 
reduction may be exhibited thus, 

0 = 

+ + ^2 ^2) 4. 5/2J2(^2 + ^2 ^ J2) ^'2^2 (^2 J2 ^ ^2) 

- (^'2 _ c'2) ^ 52(^2 ^ c'2) (Jy'2 „ ^'2) 

-C2(c'2-.a'2)(c'2-y2). 

265 . To express the volume of a tetrahedron in terms of the 
lengths of its six edges. 

Let a, b, c be the lengths of the sides of a triangle ABC 
forming one face of the tetrahedron, which we may call its 
base; let a\ b\ c' be the lengths of the straight lines which 
join A, B, C respectively to the vertex of the tetrahedron. 
Let p be the length of the perpendicular from the vertex on 
the base ; then the lengths of the straight lines drawn from 
the foot of the perpendicular to A, B, C respectively are 
J(a'^-p^), -p% Hence the relation given in 

Art. 264 will hold if we put ^p^) instead of a\ J{b'^-p^) 
instead of 5', and sj(d^-p^) instead of d. We shall thus 
obtain 

_ j4 _ (4) = _ 

+ a'^a^{b^ + c2 - a^) + b%^(c^ + a^- JS) + c'^c^(a^ + js _ ^2) 

- a2(a'2 _ 5'2) _ g'2) _ 52(J'2 _ g'2)(J'2 _ a'2) 

-c2(c'^-«'2)(c'2-6'2). 

TLe coefficient of in this equation is sixteen times the 
square of the area of the triangle ABC , so that the left-hand 
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member is 144V2, where V denotes the volume of the tetra- 
hedron. Hence the required expression is obtained. 

266 , To find the relation holding among the six arcs of great 
circles which join four ^points taken ai hitrarily on the surface of a 
sphere, (Compare Art. 352, below.) 

Let A, B, C, D be the four points. Let BC = a, CA = ^, 
AB = y; let DA-a, DB = j8', DC = y. 

As in Art. 264 we have 

1 = cos^ BDC + cos^CDA -f cos^ADB - 2 cos BDC cos CDA cos ADB. 

cos a — COS 6' cos y 1 . 1.1 

Now cos BDC — : — and the other cosines 

sm p sin y 

may be expressed in a similar manner ; substitute these values 
in the above result, and we obtain the required relation, which 
after reduction may be exhibited thus, 

1 — COS^ a - 4 - COS^ /3 4- COS^ y -h COS^ a' + COS^ -h COS^ y' 

- COS^ a COS^ a' - cos^ cos^ fi’ - cos^ y cos^ f 

- 2 (cos a COS /? COS y -h cos a COS cos 
+ cos ^ cos y'cos a + cos y cos a,' cos /3') 

4- 2 (cos cos y cos cos y -f cos y cos a cos f cos a 
+ cos a cos ^ cos a' COS 

267 . To find the radius of the sphere circumscriUng a tetra- 
hedron. 

Denote the edges of the tetrahedron as in Art. 265. Let 
the sphere be supposed to be circumscribed about the tetra- 
hedron, and draw on the sphere the six arcs of great circles 
joining the angular points of the tetrahedron. Then the 
relation given in Art. 266 holds among the cosines of these 
six arcs. 

Let r denote the radius of the sphere. Then 

cos a = 1 - 2 sin2 ^ = 1 - 2 (1;)" = 1 - ; 

and the other cosines may be expressed in a similar manner. 
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Substitute these values in the result of Art. 266, and we 
obtain, after reduction, with the aid of Art. 265, 

4 X 144 

= 2¥c^'^c'^ 4- 2(;Vc'V2 ^ 2a%^a'W^ - - c^c'^. 

The right-hand member may also be put into factors, as we see 
by recollecting the mode in which the expression for the area 
of a triangle is put into factors Let aa' + hh' + cd = 2tr ; then 
36 VV2 = O- (o- - m') {cr - bb') (a- - cc'). 


EXAMPLES XVII. 

1. If t denote the inclination of two adjacent faces of a regular poly- 
hedron, shew that cosi=^ in the tetrahedron, =0 in the cube, = - 4 in 
the octahedron, = -^^5 in the dodecahedron, and= in the icosa- 
hedron. 

2. With the notation of Art. 257, shew that the radius of the sphere 
which touches one face of a regular polyhedron and all the adjacent 

faces produced is 4a cot — cot K 
“ m ® 

3. A sphere touches one face of a regular tetrahedron and the other 
three faces produced : find its radius. 

4. If a and 6 are the radii of the spheres inscribed in and described 
about a regular tetrahedron, shew that 6= 3a. 

^ 1 * ^ inscribed in a regular tetrahedron, 

touches the edges, shew that 

n ^ inscribed in a regular tetrahedron, 

^rndn touches one face and the others 

produced, shew that R'=2a. 

tJ' ^ ^ “ octahedron be described about a given sphere, 

the sphere described about these polyhedrons will be the same ; and 
conversely. ’ 

8. If a dodecahedron and an icosahedron be described about a given 
sphere, the sphere described about these polyhedrons will be the same ; 
and conversely. 

9. A regular tetrahedron and a regular octahedron are inscribed in 
the same sphere: compare the radii of the spheres which can be m- 
scriDed in tlie two solids 
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10. The sum of the squares of the four diagonals of a parallelepiped 
is equal to four times the sum of the squares of the edges. 

11. If with all the angular points of any parallelepiped as centres 
equal spheres be described, the sum of the intercepted portions of the 
parallelepiped will be equal in volume to one of the spheres. 

12. A regular octahedron is inscribed m a cube so that the corners 
of the octahedron are at the centres of the faces of the cube : shew that 
the volume of the cube is six times that of the octahedron. 

13. It IS not possible to fill any given space with a number of regular 
polyhedrons of the same kind, except cubes ; but this may be done by 
means of tetrahedrons and octahedrons which have equal faces, by using 
twice as many of the former as of the latter. 

14. A spherical triangle is formed on the surface of a sphere of 
radius p ; its angular points are joined, forming thus a pyramid with 
the straight lines joining them with the centre : shew that the volume 
of the pyramid is 

i T tan tan tan rg), 

where r, are the radii of the inscribed and escribed circles of 

the triangle 

15. The angular points of a regular tetrahedron inscribed in a sphere 
of radius r being taken as poles, four equal small circles of the sphere 
are described, so that each circle touches the other three. Shew that 

the area of the surface bounded by each circle is 27 rr 2^1 - 

16. If O be any point within a spherical triangle ABC, the product 
of the sines of any two sides and the sine of the included angle 

= sm AO sin BO sin CO { cot AO sin BOO 

+ cot BO sin CO A + cot CO sin AOB }. 




CHAPTER XVII. 

ARCS DRAWN TO FIXED POINTS ON THE SURFACE 
OP A SPHERE. 

268. In the present Chapter we shall demonstrate various 
propositions relating to the arcs drawn from any point on the 
surface of a sphere to certain fixed points on the surface. 

269. ABC is a spherical triangle having all its sides quad- 
rants, and therefore all its angles right angles ; T is any point 
on the surface of the sphere : to shew that 

cos2 TA + cos^ TB + cos^ TC = 1. 





By Art. 42 we have 


cos TA = cos AB cos TB + sin AB sin TB cos TBA 
= sin TB cos TBA. 
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Similarly cos TC = sin T B cos T BC == sin T B sin T BA. 

Square and add ; thus 

cos2 TA + cos2 TC = sin2 TB = 1 - cos^ TB ; 
therefore cos^ TA + cos^ T B + cos^ TC = 1 . 

270. ABC is a spherical triangle having all its sides quad- 
rants, and therefore all its angles right angles ; T and U are 
any points on the surface of the sphere : to shew that 
cos TU = cos TA cos UA + cos TB cos UB -h cos TC cos UC. 

jj 



By Art. 42 we have 

cos TU = cos TA cos UA sin TA sin UA cos TAU ; 


cos TAU = cos (BAU — BAT) 

= cos BAU cos BAT -1- sin BAU sin BAT 
= cos BAU cos BAT + cos CAU cos CAT 
therefore cos TU = cos TA cos UA 

+ sin TA sin UA (cos BAU cos BAT + cos CAU cos CAT) ^ 
cos TB = sin T A cos BAT , 
cos U B = sin U A cos BAU, 
cos TC = sin TA cos CAT , 
cos UC = sin UA cos CAU ; 


therefore 

cos TU = cos TA cos U A + cos TB cos U B + cos TC cos UC. 
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271 . We leave to the student the exercise of shewing that 
the formulae of the two preceding Articles are perfectly 
general for all positions of T and U, outside or inside the 
triangle ABC : the demonstrations will remain essentially the 
same for all modifications of the diagrams. The formulae 
are of constant application in Analytical G-eometry of three 
dimensions, and are demonstrated in works on that subject; 
we have given them here as they may be of service in 
Spherical Trigonometry, and will in fact now be used in 
obtaining some important results. 

272 . Let there be any number of fixed points on the surface 
of a sphere; denote them by H^, H^, Hg,.. . Let T be any 
point on the surface of the sphere. We shall now investigate 
an expression for the sum of the cosines of the arcs which 
join T with the fixed points. 

Denote the sum by 2 ; so that 

2 = cos TH^ + cos THg + cos THg + . . . 

Take on the surface of the sphere a fixed spherical triangle 
ABC, having all its sides quadrants, and therefore all its angles 
right angles. 

Let A, /X, V be the cosines of the arcs which join T with 
A, B, C respectively ; let m^, be the cosines of the arcs 
which join with A, B, C respectively; and let a similar 
notation be used with respect to Hg, Hg, . . 

Then, by Art. 270, 

2 = Z^A + + + ^ 2 ^ + m 2 /A + 72,2 V + ... 

= PA -j- Q/x + Rv ; 

where P stands for + Z 2 + Z 3 + . . with corresponding meanings 
for Q and R. 

273 . It will be seen that P is the value which 2 takes when 
T coincides with A, that Q is the value which 2 takes when T 
coincides with B, and that R is the value which 2 takes when 
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T coincides with C. Hence the result expresses the general 
value of 2 in terms of the cosines of the arcs which join T to 
the fixed points A, B, C, and the particular values of 2 which 
correspond to these three points. 

274. We shall now transform the result of Art. 272. 

Let 0 = + 

and let a, y be three arcs determined by the equations 

P o Q R 

cosa = ~, cos/? = -, cos 7 = ~; 

then 2 = G(A, cos a + /A cos 4- V cos y). 

Since cos2a + cos2yS + cos2y = l, it is obvious that there will 
be some point on the surface of the sphere, such that a, y 
are the arcs which join it to A, B, C respectively ; denote 
this point by U ; then by Art. 270, 

cos TU = A cos a 4 /X, cos /3 + V cos y ; 

and finally 

2 = Geos TU, 

Thus, whatever may be the position of T, the sum of the 
cosines of the arcs which join T to the fixed points varies 
as the cosine of the single arc which joins T to a certain fixed 
point U. 

We might take G either positive or negative; it will be 
convenient to suppose it positive. 

275. A sphere is described about a regular polyhedron; 
from any point on the surface of the sphere arcs are drawn to 
the solid angles of the polyhedron : to shew that the sum of 
the cosines of these arcs is zero. 

From the preceding Article we see that if G is not zero 
there is one position of T which gives to 2 its greatest positive 
value, namely, when T coincides with U. But by the symmetry 
of a regular polyhedron there must always be more than om 
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positions of T which give the same value to 2. For instance, 
if we take a regular tetrahedron, as there are four faces there 
will at least be three other positions of T symmetrical with any 
assigned position. 

Hence G must be zero ; and thus the sum of the cosines of the 
arcs which join T to the solid angles of the regular 'polyhedron is 
zero for all positions of T. 

276. Since G = 0, it follows that P, Q, R must each be zero ; 
these indeed are particular cases of the general result of 
Art. 275. See Art. 273. 

277. The result obtained in Art. 275 may be shewn to hold 
also in some other cases. Suppose, for instance, that a rect- 
angular parallelepiped is inscribed in a sphere; then the sum 
of the cosines of the arcs drawn from any point on the surface 
of the sphere to the solid angles of the parallelepiped is zero. 
For here it is obvious that there must always be at least one 
other position of T symmetrical with any assigned position. 
Hence, by the argument of Art. 275, we must have G = 0. 

278. Let there be any number of fixed points on the surface 
of a sphere ; denote them by Hj, Hg, Hg, ... Let T be any point 
on the surface of the sphere. We shall now investigate a 
remarkable expression for the sum of the squares of the cosines 
of the arcs which join T with the fixed points. 

Denote the sum by S , so that 

2 = cos^TH^ + cos 2TH2 + cos^THg + .... 

Take on the surface of the sphere a fixed spherical triangle 
ABC, having all its sides quadrants, and therefore all its angles 
right angles 

Let A, fi, V be the cosines of the arcs which join T with 
A, B, C respectively ; let Wj, n-^ be the cosines of the arcs 
which join with A, B, C respectively; and let a similar 
notation be used with respect to Hg, H^... 
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Then, by Art. 270, 

E = (l^X + m^[j. 4- n-^v)^ 4- (^2-^ + ^ 2 /^ + V)" + ’ • • 

Expand each square, and rearrange the terms ; thus 
E = PA 2 4 - 4 - Rv^ 4 - 2pfji.v 4- 2 ^vA 4 - 2rX/jL, 

where P stands for 4* 4- 4 - . . 

and p stands for m-pi^ 4 - 4- 4 . . ., 

with corresponding* meanings for Q and q, and for R and r. 

We shall shew that there is some position of the triangle 
ABC for which p, q, and r will vanish. 

For let the triangle ABC be shifted to a new position A'B'C', 
and let X\ p', v' be the cosines of the arcs TA', TB', TO'; then 
we have A' = A cos AA' 4 p cos BA' 4 v cos CA', 
with similar expressions for p and v ; thus A', p\ v' are linear 
functions of A, p^ v, and are moreover such that 
A '2 4 p'^ 4 v'2 == 1 = A^ 4 4 

Now, by a well known theorem of Algebra,* it is always 
possible to find, a linear substitution by which the two quad- 
ratic forms 2 and A^ 4 ^2 _|_ ^2 gRall be reduced simultaneously 
to the forms E = jp A'^ + (j^p'^ + ^v'2, 

X^ + p^ + v^ — A '2 4 p'^ 4 v '2 

The constants ^ are the roots of the cubic equation 

P-cE, r, q 
r, Q-flj, p =0, 
q, p, R-x 

and an equality among the roots (JJ, ^ does not affect the 
result. 

Therefore we see that there must be some position of the 
triangle ABC, such that for every position of T 
E = fA24%24^v2 

* Cauchy (1829). The case when the cubic has equal roots is dealt 
with by Wbibestrass, Berliner Monatsherichte, 1858. A simple discus- 
sion of the theorem is given by Mr. T. J. PA. Bromwich in the (^wirierly 
Journal of MathemaUcs, 1901, 
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279. Tlie remarks of Art. 273 are applicable to the result 
just obtained. 

280. Of the three constants f , % determined in Art 

278, let ^ be not less than the other two, and let ^ be not 
greater than the other two. Then ^ is readily seen to be the 
greatest value which E can receive, and % the least value. 

For, since by Art. 269, 

and 2 = i ( 1 ^ A 2 - /x2) 

Now, by supposition, none of the quantities ^ *" S'? 

can be negative ; hence 2 cannot be greater than ^ 
or less than 

281. A sphere is described about a regular polyhedron; 
from any point on the surface of the sphere arcs are drawn to 
the solid angles of the polyhedron ; it is required to find the 
sum of the squares of the cosines of these arcs. 

With the notation of Art. 278 we have 

We shall shew that in the present case JP, and ^ must 
all he equal. For, if they are not, one of them must be greater 
than each of the others, or one of them must be less than each 
of the others. 

If possible let the former be the case ; suppose that ^ is 
greater than % and greater than Then the equality 

shews that 2 is always less than ^ except when |U = 0 and 
v= 0 : that is 2 is always less than ^ except when T is at A, or 
at the point of the surface which is diametrically opposite to A, 
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But by the symmetry of a regular polyhedron there must 
always bo thotb tlicufi two positions of T which give the same 
value to 1/ For instance if we take a regular tetrahedron, as 
there are four faces there will be at least three other positions 
of T symmetrical with any assigned position. Hence f cannot 
be greater than (JJ and greater than fl. 

In the same way we can shew that one of the three f 
and cannot be less than each of the others. 

Therefore |) = (5U = 3|{,, and therefore by Art 269 for every 
position of T we have 2=^. 

Since = = each of them = i(|] + + 

= ^{^1^ + ™!^ + V + V + + V+"-} 

= |, by Art. 269, 

where S is the number of the solid angles of the regular 
polyhedron. 

Thus the sum of the sguares of the cosines of the arcs which 
join any point on the surface of the sphere to the solid angles of the 
regular polyhedron is one third of the number of the solid angles. 

282 . Since = (IJ = ^[1 in the preceding Article, it will follow 
that, when the fixed points of Aii. 278 are the solid angles of 
a regular polyhedron, then for any position of the spherical 
triangle ABC we shall have p = 0, = r= 0. 

For, taking any position for the spherical triangle ABC, we 
have S = PA,*i + + Upf^v + ^qvX + 2rV j 

then at A wo have /* = 0 and r = 0, so that P is then the value 
of 2 ; similarly Q and R are the values of 2 at B and C respec- 
tively. But by Art. 281 we have the same value for S what- 
ever be the position of T ; thus 12 = p = Q = r, and so 
p = p (A 2 ^ ^ ^ 2p/n/ + 2qvk -t 2rA/r ; 

therefore 0 = 2ppv h- 2qvX + 2rXp. 

L.s.'r. i> 
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This holds then for every position of T. Suppose T is at 
my jpoint of the great circle of which A is the pole; then A, = 0: 
thus we get pfiv = 0 for all values of and v, and therefore 
p = 0. Similarly = 0, and r = 0. 

Expressed algebraically, the result here obtained is equi- 
valent to the theorem'"^ that, if the equation 


P-Xy r, q 

r, Q, Xf p 
q, p, R-x 


= 0 


have its three roots equal, then must P = Q = R, and p = 0, 
2 = 0, r = 0. 


283 . Let there be any number of fixed points on the surface 
of a sphere; denote them by H^, H^, Hg, ; from any two 
points T and U on the surface of the sphere arcs are drawn to 
the fixed points : it is required to find the sum of the products 
of the corresponding cosines, that is 

cos TH;l^os U 4" cos THgCOS U -h cos THgCOS U Hg -h . . . . 

Let the notation be the same as in the beginning of Art. 278 ; 
and let X', /x', v be the cosines of the arcs which join U with 
A, B, C respectively. Then by Art. 270, 

cos TH^cos U = ( AZj + -H + /wq + v^) 

= XX^i^ + -1- vvn^ 4- (/^v' 4- v/a') mp\ 

4“ (vX^ 4* Xv^) (X/^^ 4“ /^X ) 

Similar results hold for cos THgCOS UHg, cosTHgCOS UHg, .. 
Hence, with the notation of Art. 278, the required sum is 
XX' P 4- /XjU-'Q 4- vv'R 4- {fJ'V 4- d- (vX' 4- Xv') q 4- (Xf*-' 4- /-aX')7’. 

Now by properly choosing the position of the triangle ABC 
we have p^ q, and r each zero as in Art. 278 ; and thus the 
required sum becomes 

XX'f 4-w'®4-vv'll. 


* Weierstrass, loc, c%t,\ Burnside and PantoSt, Theory of Equations, 
Chapter XIIT, Examples 39 and 40. 
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284 . The result obtained in Art. 278 may be considered as 
a particular case of that just given ^ namely the case in which 
the points T and U coincide. 

285 . A sphere is described about a regular polyhedron; 
from any two points on the surface of the sphere arcs are 
drawn to the solid angles of the polyhedron ; it is required to 
find the sum of the products of the corresponding cosines. 

With the notation of Art. 283 we see that the sum is 

And here JP = (SJ = S = |, by Art. 281 . 

S S 

Thus the sum = ^ (AA + + w') = ~ cos TU. 

Thus the sum of the products of the cosines is equal to the product 
of the cosine of TU into a third of the number of the solid angles 
of the regular polyhedron. 

286 . The result obtained in Art. 281 may be considered as 
a particular case of that just given ; namely, the case in which 
the points T and U coincide. 

287 . If TU is a quadrant then cos TU is zero, and the sum 
of the products of the cosmos in Art, 285 is zero. The results 

= 0, ^ = 0, f = 0, are easily seen to be all special examples of 
this particular case. 



CHAPTER XVIII. 


MISCELLANEOUS PEOPOSITIONS. 

288. If AB and A'B' he any two equal arcs, and the arcs AA' and 
BB' be bisected at right angles by arcs meeting at P, then the triangles 
APB, A'PB' are identically equal to one another. 



For PA = PA' and PB = PB', hence the sides of the triangle 
PAB are respectively equal to those of PA'B', therefore the 
triangles are identically equal ; in particular the angle 
APB = the angle A'PB', and therefore also APA= BPB'. 

This simple proposition has an important application to the 
motion of a rigid body of which one point is fixed. For con- 
ceive a sphere capable of motion round its centre which is 
fixed; then it appears from this proposition that any two 
selected points on the sphere, as A and B, can be brought 
simultaneously into any other positions, as A' and B', by a 
rotation of the sphere round an axis passing through its centre 


* Euler, Theoria motus corporum soUdorum, 978 . 
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and a certain point P. Hence it may be inferred that any 
change of position in a rigid body, of which one point is fixed, 
may be effected by a rotation round some axis through the 
fixed point. ^ 

289. Let P denote any point within any plane angle AOB, 
and from P draw perpendiculars on the straight lines OA and 
OB; then it is evident that these perpendiculars include an 
angle which is the supplement of the angle AOB The cor- 
responding fact with respect to a solid angle is worthy of 
notice. Let there be a solid angle formed by three plane 
angles, meeting at a point O From any point P within the 
.solid angle, draw perpendiculars PL, PM, PN on the three 
planes which form the solid angle j then the spherical triangle 
which corresponds to the three planes MPN, NPL, LPM is the 
polcir triangle of the spherical triangle which corresponds to 
the solid angle at O. This remark is due to Professor De 
Morgan. 

290. Suppose three straight lines to meet at a point and 
form a solid angle ; let o, (3, and y denote the angles contained 
hy these three straight lines taken in pairs : then it has been 
proposed to call the expression 

J{\- COSV - cos^^ - COS^y -1- 2 COS a COS (3 cos y), 
the sine of the solid angle. See Baltzer’s Theorie ...der Deter- 
minanten, 2nd edition, page 177. Adopting this definition it 
it is easy to shew that the sine of the solid angle lies between 
zero and unity. (Cp Art. 51.) 

We know that the area of a plane triangle is half the pro- 
duct of two sides into the sine of the included angle : by Art. 
260 we have the following analogous proposition; the volume 
of a tetrahedron is one sixth of the product of three edges 
into the sine of the solid angle which they form. 

Again, wo know in mechanics that if three forces acting at 
a point are in equilibrium, each force is as the sine of the 
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angle between the directions of the other two : the following 
proposition is analogous , if four forces acting at a point are 
in equilibrium each force is as the sine of the solid angle 
formed by the directions of the other three. See Statics, 
Chapter Ti. 

291. Let a sphere be described about a regular polyhedron ; 
let perpendiculars be drawn from the centre of the sphere on 
the faces of the polyhedron, and produced to meet the surface 
of the sphere : then it is obvious from symmetry that the 
points of intersection must be the angular points of another 
regular polyhedron 

This may be verified. It will be found on examination that 
if S be the number of solid angles, and F the number of faces 
of one regular polyhedron, then another regular polyhedron 
exists which has S faces and F solid angles. See Art. 255. 

292. Polyhedrons. The result in Art. 254 was first obtained 
by Euler ; the demonstration which is there given is due to 
Legendre The demonstration shews that the result is true 
in many cases in which the polyhedron has re-entrant solid 
angles ; for all that is necessary for the demonstration is that 
it shall be possible to take a point within the polyhedron as 
the centre of a sphere, so that the polygons, formed as in 
Art 254, shall not have any coincident portions. The result, 
however, is generally true, even in cases in which the con- 
dition required by the demonstration of Art. 254 is not 
satisfied. We shall accordingly give another demonstration, 
and shall then deduce some important consequences from the 
result We begin with a theorem which is due to Cauchy. 

293. Let there le any networh of rectilineal figures, not neces- 
sarily in one plane, hut not forming a closed surface ; let E le the 
number of edges, F the number of figures, and S the number of 
corner points : then F •+ S = E +• 1. 
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This theorem is obviously true in the case of a single plane 
figure; for then F=lj and S = E. It can be shewn to be 
generally true by induction. For assume the theorem to be 
true for a network of F figures ; and suppose that a rectilineal 
figure of n sides is added to this network, so that the network 
and the additional figure have m sides coincident, and therefore 
m -f 1 corner points coincident. And with respect to the now 
network which is thus formed, let E', F', S' denote the same 
things as E, F, S with respect to the old network Then 
E' == E + — 912, F'“F-{-1, S' = S + 92 — (912 + 1 ) ; 
therefore F' + S' - E' - F + S - E. 

But F + S = E + 1, by hypothesis , therefore F' + S' = E' + 1. 

294 . To demonstrate Euler’s theorem we suppose one face 

of a polyhedron removed, and we thus obtain a network of 
rectilineal figures to which Cauciiy\s theorem is applicable. 
Thus F - l+S = E-fl ; 

therefore F + S = E + 2. 

295 , In any ^polyhedron the numher effaces with an odd numher 
of sides is even, and the numher of solid angles formed with an odd 
numher of plane angles is even. 

Let a, h, c, d,.. . . denote rospectivoly the numbers of faces 

which are triangles, (pxadri laterals, pentagons, hexagons, 

Let a, /3, y, . . denote respectively the numbers of the 

solid angles which are formed with three, four, five, six, 

plane angles. 

Then, each edge belongs to two faces, and terminates at two 
solid angles ; therefore 

2E ==3^ + 45 + , 

2E = 3a 4 - 4 /i? 4* hy + 6^ + 

From these relations it follows that a + c4‘<3-F and 

a4-y4€4- are eve^i numbers. 
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296 * With the notation of the preceding Article we have 

F==6& + 5 -(-C4'C^+ j 

S = a, + ^ 4“ y + 3 + . .. . 

From these combined with the former relations we obtain 

2E-3F= 5 + 2c+3t^+ 

2E-3S=:S4 2y + 3S+ 

Thus 2E cannot be less than 3F, or less than 3S. 


297.^ From the expressions for E, F, and S, given in the tv 
preceding Articles, combined with the result 2F + 28 = 4-1-2 
we obtain 


therefore 


2(a-t-6 + c + c?-{-...)-f2(a4‘/^ + y + 3-i-...) 

— -f 5c -1- 6d-i- 

2 (c^ - 1 - J + c + + . ..) p 2 (a -f /3 + y + S-i- .) 

= 4 + 3 a p 4 /? + 5 y P 6 S p . . 


2(ap/?pypSp...)-^(o^ + 2& p3c p 4dp ...) = 4 . ( 
2(ap^^pcp^^p...)-(ap2/?p3yp45p..,) = 4 (i 

Therefore, by addition 

a P a — (c P y) — 2 ((f p 3) - 3 (c P e) — =8. 

Thus the number of triangular faces together wrth the numh 
of solid angles formed with three ^lane angles, cannot he less tha 
eight. 

Again, from (1) and (2), by eliminating a, we obtain 

3a p 25 -f c - e - 2/~ 2^ - 4y ~ = 12, 

so that 3a p 25 p c cannot he less than 1 2, From this resu] 
various inferences can be drawn ; thus, for example, a soli 
cannot he formed which shall ham no triangular, quadrilateral, o 
'pentagonal faces. 

In like manner wo can shew that 3a p 2/1? p y cannot be les 
than 12. 
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298. PoiNSOT lias shewn that, in addition to the five well- 
known regular polyhedrons^ four other solids exist which are 
perfectly symmetrical in shape, and which might therefore 
also be called regular. We may give an idea of the nature of 
Poinsot’s results by referring to the case of a polygon. Sup- 
pose five points A, B, C, D, E, placed in succession at equal 
distances round the circumference of a circle. If we draw a 
straight line from each point to the next point, we form an 
ordinary regular pentagon. Suppose however we join the 
points by straight lines in the following order, A to C, C to E, 
E to B, B to D, D to A j we thus form a star-shaped symmetrical 
figure, which might be considered a regular pentagon 

It appears that, in a like manner, four, and only four, new 
regular solids can be formed. To such solids, the faces of 
which intersect and cross, Euler’s theorem does not apply. 

299. Let us return to Art. 293, and suppose e the number 
of edges in the bounding contour, and e! the number of edges 
within it ; also suppose s the number of corners in the bounding 
contour, and s' the number within it. Then 

E-=e-re' , 8 = 5 + 6', 
therefore 1 + e + e' = 5 + s' + F. 

But e = s; 

therefore 1 + ^?' = s' + F. 

We can now demonstrate an extension of Euler’s theorem, 
which has been given by Cauchy. 

300. Let a polyhedron he deemnposed into any number of poly- 
hedrons at pleasure ; let P he the number thus formed, 8 the number 
of solid angles, F the number of faces, E the number of edges: then 

S + F = E + P+1. 

Eor suppose all the polyhedrons united, by starting with 
one and adding one at a time. Let e, f, s be respectively the 
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numbers of edges, faces, and solid angles in the first; let 
e\ f\ s' be respectively the numbers of edges, faces, and solid 
angles in the second which are not common to it and the first; 
lot e", /", s" bo respectively the numbers of edges, faces, and 
solid angles in the third which are not common to it and the 
first or second ; and so on. Then we have the following results, 
namely, the first by Art. 294, and the others by Art. 299 : 

5 +/ + 2 , 

5' +/=6' + l, 

By addition, since s + s' + / 4- . . . = S, /+/ +/' + . . . = F, and 
« 4- «' + + . . . = E, we obtain 

S4-F = E+P4-1. 

301. The following references will bo useful to those who 
study the theory of polyhedrons: Euler, Novi Commentarii 
A CM (km/ice Petrojmlitcmm^ Vol. IV, 1758; Legendre, Giomitrie^ 
Book vr ; PoiNSOT, Journal dc VEcole Polytechnique, Cahier X; 
Gaikjhy, Journal de VEcole Pohjteclmiqiie, Cahier xvi; Poinsot 
and Bertrand, Comptes Rendus...de VAcadi^mie des Sciences, 
Vol XLvr, Catalan, TMorimes et ProhUmes de Giomitrie EUmen- 
take; Kirkman, Philosophical Transactions for 1856 and subse- 
(piont years ; Listing, Ahhandlungen der Kdniglichen Gesellschaft 
...rsu Gottingen, Vol. x. For the connexion of discontinuous 
group theory with rotations of a regular polyhedron, see Klein, 
Das Ikosaeder (translated by G. G. Morrice) ; Klein, Hohere 
Geometric, Vol ii; and Sciioenflies, Krystalhysteme und 
Krystallstructur (B. G. Teubnor, Leipzig, 1891). 



MISCELLANEOUS EXAMPLES. 

EXAMPLES XVIII. 

1. Find the locus of the vertices of all right-angled spherical tri- 
angles having the same hypotenuse ; and, from the equation obtained, 
prove that the locus is a circle when the radius of the sphere is infinite 

2. AB IS an arc of a gieat circle on the surface of a sphere, C its 
middle point • shew that the locus of the point P, such that the angle 
APC = the angle BPC, consists of two great circles at right angles to one 
another. Explain this when the triangle becomes plane. 

3. On a given arc of a sphere, spherical triangles of equal area are 
described • shew that the locus of the angular point opposite to the 
given arc is defined by the equation 

,r tan (a + 0)1 , -i f tan (a -0)) 

l^sm(a + 0)J l,sin(a~0)J 

where 2a is the length of the given arc, 9 the arc of the great circle 
diawil from any point P in the locus perpendicular to the given arc, 0 
the inclination of the great circle on which 6 is measured to the groat 
circle bisecting the given arc at right angles, and /3 a constant 

4. In any spherical triangle 

_ cos A cot a + cos B cot h 
^ cot a cot h - cos A cos B 

5. If 0, 0 denote the distances from the corners A, B, C respec- 
tively of the point of intersection of arcs bisecting the angles of the 
spherical triangle ABC, shew that 

cos 9 sm (6 - c) + cos 0 sin (c -- a) + cos 0 sin (a - ?>) = 0. 

6. If A, B', C' be the poles of the sides BC, CA, AB of a spherical 
triangle ABC, shew that the great circles AA', BB', CC' meet at a point 
P, such that 

cos PA cos BC = cos PB cos CA = cos PC cos AB. 

7. If 0 be the point of intersection of arcs AD, BE, CF drawn from 
the angles of a triangle perpendicular to the opposite sides and meeting 
them at D, E, F respectively, shew that 

tan AD tan BE tan CF 

tan O D ’ tan O E’ tan O F 
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are respectively equal to 

1 + 1 4 1 , cos C 

cos B cos C’ cos C cos A’ cos A cos B* 

_ 8 . If p, g, r be the arcs of great circles drawn from the angles of a 
triangle perpendicular to the opposite sides, (a, a'), (/ 3 , /3'), (y, y'} the 
segments into which these arcs are divided, shew that 
tan a tan a' ~ tan /3 tan /S' ~ tan y tan 7 ' , 

and _ cosg cos r 

cos a cos a' cos /S cos /3' ~ cos 7 cos 7 '* 

9. In a spherical triangle if arcs be drawn from the angles to the 
middle points of the opposite sides, and if a, a' be the two parts of the 
one which bisects the side a, shew that 


10. The arc of a great circle bisecting the sides AB, AC of a spherical 
triangle cuts BC produced at Q • show that 

cos AQ sin “ = sin sin 

11. If ABCD be a spherical quadrilateral, and the opposite sides 
AB, CD when produced meet at E, and AD, BC meet at F, the ratio of 
the sines of the arcs drawn from E at right angles to the diagonals of 
the quadrilateral is the same as the ratio of those from F. 

12. If ABCD be a spherical quadrilateral whose sides AB, DC are 
pioduced to meet at P, and AD, BC at Q, and whose diagonals AC, BD 
intersect at R, then 

sin AB sin CD cos P sin AD sin BC cos Q = sin AC sm BD cos R. 

13. If A' be the angle of the chordal triangle which corresponds'to 
the angle A of a spherical triangle, shew that 

cos A' = sin (S - A) cos ^ 

14. If the tangent of the radius of the circle described about a 
spherical triangle is equal to twice the tangent of the radius of the 
circle inscribed in tlie triangle, the triangle is equilateral 

15. The arc AP of a circle of the same radius as the sphere is equal to 
the greater of two sides of a spherical triangle, and the arc AQ taken m 
the same direction is equal to the less ; the sine PM of AP is divided at 

E, so that p^=the cosine of the angle included by the two sides, 
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and EZ is diawn parallel to the tangent to the circle at Q. Shew 
that the remaining side of the spherical triangle is equal to the arc 
QP2. 

16. If through any point P within a spherical triangle ABC great 
circles be drawn from the angular points A, B, C to meet the opposite 
sides at a, b, c respectively, prove that 

sin Pa cos PA ^ sin Pb cos PB ^ sin Pc cos PC _ ^ 
sin Aa sin sm Cc ” * 

17. A and B are two places on the Earth’s surface on the same side 
of the equator, A being further from the equator than B. If the 
bearing of A from B be more nearly due East than it is from any other 
place m the same latitude as B, find the bearing of B fiom A. 

18. From the result given in example 18 of page 65 infer the 
possibility of a regular dodecahedron 

19. A and B are fixed points on the surface of a sphere, and P is any 
point on the surface. If a and b are given constants, shew that a fixed 
point 8 can always be found, m AB or AB produced, such that 

acos AP + 6cos BP =-5 cos SP, 

where s is a constant 

20. A, B, C, are fixed points on the surface of a sphere ; a, h, c, . are 
given constants. If P be a point on the surface of the sphere, such that 

a cos AP + 6 cos BP -t- c cos CP + = constant, 

shew that the locus of P is a circle. 

EXAMPLES XIX. 

1. One side of a regular spherical quadrilateral =cos“^(J), find one 

of its angles. (R U. 1 , 1899.) 

2. Prove that the second part of Euclid T, 21 does not necessarily 
hold on the sphere. Shew where Euclid’s proof would fail on the 
sphere. 

Of all the spherical triangles that stand on a given base (supposed less 
than a quadrant), and whoso vortices lie on a given gieat circle that 
cuts the base perpendicularly at an internal point of it, find which one 
has the smallest vertical angle. (R. U. I., 1899 ) 

3. Prove that m a spherical triangle 

cot^ IJB Hhcot^^ Cj* 2 cot i B cot i C c(^a 
sin*'^a 

IS equal to the expression got by replacing B, C, and a by another pair 
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of angles and the side between them. Find the value of the expression 
symmetrically in terms of the sides (R. U. I., 1895 ) 

4. In a tetrahedron, if are a pair of opposite edges, and Ai, A4 
are the dihedral angles at these edges, then the expression 

ax 0^4 

sin Ai sin A4 

has the same value whatever pair be taken. (R. U. I., 1893 ) 

5. A, B, C are three points on a vaiiable parallel of latitude, the pole 
being P ; the arcs AB and BC are equal ; 3oin PB by the arc of a great 
circle, and let the great circle through A and C cut PB in D ; the difference 
between the longitudes of A and B is constant and is denoted by X. 
Shew that DB is greatest when the tangent of the latitude of B equals 

(Sci and Art, 1895 ) 

6. A spherical quadrilateral ABCD, whose sides taken in order are 
a, 5, a, bj is inscribed in a small circle Shew that 

tan2|A=cos J(a-6)sec4 + 

(Sci. and Art, 1897.) 

7. M is the mid point of the side AC of the triangle ABC, and BC is 
produced to meet in D the great circle through B and M. 

If the angles ACD and ABC are equal, shew that b + c — 7 r. 

If the angles ACD and BAC are equal, shew that BM = j7r 

(Sci and Art, 1897.) 

8. If the sum of two sides of a spherical triangle is tt shew that the 
sum of the opposite angles is also tt. 

PAB is a spherical tiiangle, of which the side AB is fixed, and the 
angles PAB, PBA are supplementary. Prove that the vertex P lies on 
a fixed great circle. (Sci. and Art, 1899.) 

9. If A, B, C and A', B', C' be the vertices, taken in the same sense 
in each case, of two trirectangular triangles on a sphere, and if AA', BB', 
CC' be joined, each of these arcs will be intersected by the other two in 
points at equal distances from its two extremities. 

10. If the opposite sides of a spherical quadrangle are perpendicular 
to one another, the diagonals are also perpendicular to one another. 

If two diagonals of a complete spherical quadrilateral are quadrants, 
the third also is a quadrant. (Joaohimsthal.) 

11. A, A' are the areas of two faces of a tetrahedron, a the angle at 

which they intersect, I the length of the edge, and V the volume , shew 
f'hat 2AA'sino=3ZV. 
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12. The sides of a spherical quadrilateral inscribed in a small circle 
are a, h, c, and d ; the semi-perimeter is denoted by -s, the spherical 
excess by E, while N and D are defined by the relations 

N = |( s - a) sm ^{s~h) sin \ [s - c) sin | (.s - d ) }, 

D=:\/{cos J(a + &-l-c + d) cos J(a-f 6-c-(^) 

cos J (a + c - “ d) cos J(a -H - 6 - c)}. 


Prove that 


sin J E = N /\/ cos \a cos ^6 cos cos 


cos J E = D/n/ cos ia cos ih cos cos ^d. (Hart) 

13. Prove that the Jacobian of the angles of a spherical triangle 
taken with respect to the sides is numerically equal to sin A/sina. 

(Tripos, 1901.) 

14. Definition. A four sided spherical figure ABCD, whose diagonals 
AC, BD bisect one another, is called a spherical parallelogram.^ 

The following properties may easily be proved. 

(1) The intersection of diagonals, S, is equidistant from a pair of 
opposite sides. 

S is called the spherical centre of the parallelogram. 

(2) If two consecutive angles of a spherical parallelogram are equal, 
it is inscribable in a small circle. 

(3) If two consecutive sides are equal the parallologiam is circum- 
scribable to a small circle. 

(4) The figure reciprocal to a spherical paiallclogram is another 
parallelogram having the same sphciical centre 

(5) The intersections of a pair of opposite sides he on the polar great 
circle of S, 

(6) Two consecutive corners of a parallelogram and the antipodes 
of the other two corners ho on a small circle. 

(7) If A, B bo fixed points on a given small circle, and P, Q variable 
points on the antipodal small circle, such that PQ= AB, then the 
figure formed by the great circles AP, PQ, QB, BA is a parallelogram. 

(8) The area of this parallelogram is the same wherever P and Q may 
be on the small circle, provided PQ=AB. Its spherical excess is four 
times the angle between the great and small circles AB. 

(9) The area of the triangle ABP is constant 

(10) The sum of the angles of the triangle formed by i-he groat arcs 
PA, PB and the small-circle arc AB is two right angles. 


*EtTLER, Nov. Act. Fetrop , X, p. 57. OtrinfiUMANK, Niedere SphdriJCf 
§§78-96. Baltzer, SUreometrie, §IV, 16. 



CHAPTER XIX. 


THE EXTENDED DEFINITION OF THE SPHERICAL 
TRIANGLE. 

302 . In the foregoing chapters it has been convenient to 
consider only those spherical triangles which comply with the 
conventional restrictions of Articles 22 and 23, namely that 
none of their sides or angles shall exceed two right angles. 
For the practical applications of Spherical Trigonometry such 
triangles are the only ones with whose properties it is neces- 
sary to be familiar ; but the subject does not take its proper 
place in the science of Pure Mathematics unless its full gene- 
rality is preserved by the discarding of a restriction which, 
viewed from a theoretical standpoint, is arbitrary and un- 
necessary. Mobius* (in 1846) was the first to extend the 
traditional definition of the spherical triangle and to shew 
that the parts of the generalised triangle satisfy the same 
fundamental formulae as those of the original. It is proposed 
in the present chapter to consider very briefly the ideas 
underlying this important generahsation, and to obtain a few 
of the most fundamental results: for a complete account of 

* “iJefeer em& mue Behandlun{j$wetse der analytischen Spharih” (1846), 
Oes. Werlce, Bd. JJ, and Entwickdung der Orundformeln der sphar- 
ischen Trigonometrie in grosstmoglicher AllgemeinheiV^ {Verhandlungen 
der Kon. Sack. Oesellschaft der Wvis. zu Leipzig, 1860). See also 
Chawenbt, Tingonometry, Part II, Chap. lY. Chaijvenbt does not 
assign directions to the great circles which form the triangle. Cp Art. 39. 
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the subject the reader is referred to Dr. E. Study’s* memoir 
on Spherical Trigonometry and Orthogonal Substitutions, from 
which the substance of several of the following Articles is 
taken. 

303. To begin with, since a complete turn, that is a revolu- 
tion through an angle of 27r, leaves unchanged the position of 
the object turned, it is natural and convenient to regard angles 
or arcs of great circles, which differ from one another by 
multiples of 27r, as equal to one another. This convention 
justifies in all respects (save one, to be considered in due 
course), the assumption with which we shall set out, that 
every side and angle of any spherical triangle lies between 
the limits 0 and 27r. On this understanding, the number of 
triangles having three given points on the sphere for corners, 
though greater than unity, is not infinite. 

304. Further, in considering the angles about any point on 
the surface of the sphere, wo must select a sense, or direction 
of turning, in which sense the angles are to be reckoned 
positively; say the sense contrary to that of the rotation of 
the hands of a watch laid face upwards on the outside of the 
surface of the sphere. If we imagine the watch to be moved 
over the whole surface of the sphere, wo got for every point 
on the surface a definite sense in which rotations are to be 
measured positively. 

305. Definition of the spherical triangle. Now lot A, B, C 
be three points on the sphere, and lot them bo joined by 
great circles. Along each of those great circles lot us choose 
arbitrarily a positive direction ; and lot us denote by a, h, c 
the arcs, whoso magnitudes arc contained botwoon 0 and 27 r, 

E hTVDY, SphdriHche Trigonometr%e, Orthogonale Suhstitutioneu und 
ElUptmU Fmctiomn, (Abhl, dcr Kim, Sikh, Qmdkchaft der Wm, 
zu Leipzig, Ed. XX), 
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which are traversed by a point starting from B and moving 
in the positive direction along the great circle BC to C, then 
in the positive direction along CA to A, and then in the positive 
direction along AB to B. Further, we denote by a the angle, 
whose magnitude is contained between 0 and 27r, through 
which the great circle CA must be turned in the positive sense 
about A in order to bring its positive direction into coincidence 
with the positive direction of the great circle AB ; /3 and y are 
defined in a similar manner. 

The six elements a, c, a, y, thus defined, may be 
said to constitute the spherical triangle ABC. The angles 
a, fSy y are called the angles of the triangle, the arcs a, b, c 
the sides, 

306. It should be noticed that this triangle, unlike the old 
traditional spherical triangle, is not sufficiently defined by the 
positions of its three corners The complete specification 
involves also (1st) an arbitrary sense for rotations about 
points on the sphere, (2nd) positive directions arbitrarily assigned 
to the three great circles, (3rd) the order in which the corners 
occur in the name of the triangle (le., other things being un- 
changed, the triangle ABC has not the same elements as the 
triangle ACB). 

307. It must also be carefully noted that the angles a, /?, y 
of the generalised spherical triangle as here defined correspond, 
in the particular case of a triangle whose sides are all less than 
TT, not to the interior angles which in former chapters we have 
denoted by A, B, C, but to their supplements. The substitution 
of G-reek for Roman letters in naming the angles of the 
generalised triangle will be a sufficient safeguard from con- 
fusion between the former and the present meaning attached 
to the phrase “angles of the spherical triangle.” 

308. The polar triangle. Every great circle has two poles, 
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but when one of the two directions in which a great circle 
may he traversed by a point has been arbitrarily assigned to 
it as its positive direction, one of the two poles is at the same 
time, by a certain convention, associated with it as its pole, 
and the ambiguity thus removed. We choose, in fact, that 
one of the two poles which would lie to the left of a person 
walking on the outside of the sphere and traversing the great 
circle in the positive direction. 

The polar triangle of a given spherical triangle is then 
defined to be the triangle whose corners are the poles of the 
sides of the original triangle, and whose sides have for poles 
the corners of the original triangle. The relation between 
the two triangles is completely reciprocal, and it is readily 
seen that the sides of either are equal respectively to the 
corresponding angles of the other. So that spherical triangles 
occur in pairs, the members of which are derived from one 
another by interchange of angles and sides. 

309. Dijfferent triangles having the same corners. In con- 
sidering the number of triangles that can be made having 
three given points for corners, wo notice that we have, in the 
case of each of the three great circles joining those points, a 
choice of two directions, either of which may be taken as the 
positive one. Consequently there are 2 x 2 x 2 or 8 different 
possible triangles. And if we further reserve the right to 
change the arbitrarily assigned positive sense for angles about 
a point on the sphere, the number of triangles having given 
corners becomes 16. The following diagrams shew (in stereo- 
graphic projection) the forms of four of the first named eight 
triangles, corresponding to essentially different typos. The 
others can be easily derived from them The sides arc printed 
more heavily than the remaining arcs of the great circles of 
which they form part, and the angles are indicated by light 
arrowed curves, 



244 


SPHERICAL 


[ilgfi] 


)9 




Fig. 2f 



§ 309 ] 


THE GENERALISED TRIANGLE. 


245 



Fki. 8. 





246 


SPHERICAL TRIGONOMETRY. 


[§310 


310 . It will be convenient to distinguish the elements of 
the eight triangles having the same corners by the numbers 
1, 2, 8, used as suffixes, and we may assign the suffix 1 to 

the particular triangle whose sides are less than semicircles. 
If the suffix 2 be given to that which is derived from the first 
by reversing the direction belonging to the great circle BC, it 
is seen, by comparison of Figures 1 and 2, that 


+ T2~'^ + 7i*J 

The corresponding substitutions for the other triangles are 
obtained equally readily, and the complete set of results is 


represented in the following table : 


Table I. 



a 

h 

c 

a 


7 

(1) 

ai 

h 

Cl 

^1 


7i 

(2) 

27r~ 


Cl 

tti 

t + /3i 

r + Ti 

(3) 

ai 

to 

1 

Cl 

TT + ai 

A 

7rH-7i 

(4) 

ai 

h 

27r~C3 

TT + ai 


7i 

(5) 

ai 

27r - hi 

2x - Cl 

ai 


TT + yi 

(6) 

27r- 


27r - Cl 

TT-hUi 

A 

T + 7i 

(7) 

2T-a^ 

2T-hi 

Cl 

TT+tti 

7r + /3i 

7i 

(8) 

2t - 

27r -- hi 

27r~Ci 



7i 


Only one type of transformation, namely that corresponding 
to the reversal of the direction assigned to a great circle, is 
necessary for the derivation of any seven of these triangles 
from the eighth. By it, for instance, (2), (3), and (4) are 
derived from (1) , (5), (6), and (7) from (2), (3), and (4) ; and 
(8) from (5), (6), or (7). It will be noticed that the first 
diagram represents (1); the second (2), (3), or (4), the third 
(5), (6), or (7) ; and the fourth (8). 
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311. Inequalities satisfied "by sides and angles. When the 
three sides of a spherical triangle, of the kind considered in 
previous chapters, are given, the angles are determinate ; but 
given arcs a, c can be combined to form a real triangle only 
i£ they satisfy the inequalities 

o^ + 5 + c^27r, h + c-a>0, c + a + 

In like manner a triangle having given angles A, B, C, is 
possible only if A + B + C^tt, 

7r-B-C + A>;0, tt-C-A+B^O, tt-A-B + C^O. 
Let us now introduce, for the generalised triangle, the 
notation : 


2s = 27r 

-a-b-Cj 

2or = 27r 

-a-ft-y, 

2s' - 

-a + h + c, 

2cr' = 

-a + /3 + y, 

2s" = 

a -b + c, 

2cr" = 

a- fi + y. 

2s'" = 

a + b-c, 

2cr'"- 

a + fi-y, 


and it is seen at once that the corresponding inequalities, 
which must be satisfied by the sides and angles of the eight 
sorts of spherical triangle respectively, are as indicated in 
the following tables : 


Table II 



8 

8' 

s" 

s'" 

(1) 

ClO 


^0 

Z:o 

(2) 

^0 


Zl TT 

ZZ; TT 

(3) 

:£0 

rf: TT 

ZSO 

IZ TT 

(i) 

<0 

TT 

1— TT 


(8) 

Zl “ TT 

Zl tt 

2l0 

ZZO 

(0) 

TT 

ZzO 

Zl TT 

Z:0 

(7) 

TT 

--lO 

Z:o 

Zl TT 

(8) 


1_I TT 

Zl tt 

ZItt 
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cr 

0-' 


or'" 

(1) 

>0 

IV 

o 

>0 

IV 

o 

(2) 

TT 



>0 

(3) 


IV 

o 

^ TT 

IV 

o 

(4) 


IV 

o 


^ TT 

(5) 

TT 

^TT 


>0 

(6) 

TT 

IV 

o 

^ TT 

IV 

o 

(7) 


>0 

-^0 

>7r 

(8) 

>0 

IV 

o 

IV 

o 

IV 

o 


312. So far we have considered only eight of the possible 
triangles having given comers. The other eight are got by 
reversing the sense in which angles at any point on the sphere 
are to be measured positively, which is of course equivalent to 
teking 2ir- a, 2^-y instead of a, /3, y respectively. 

Hmce we have the foUowing relations, wherein accented 
suffixes indicate association with the second set of eieht 
triangles : ^ 



Thus, while the inequalities for the sides of the second set of 
triangles are the same as those for the first set, the inequalities 
tor the angles are different, being as shewn in Table IV. 
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<r 

<x' 

(t" 

a'" 

(T) 

:<-7r 

^TT 

— TT 

TT 

(2') 


O 

VI 

<7r 

:S TT 

(3') 


TT 

ISO 

:< TT 

(40 

<0 

— IT 

^ TT 

<0 

(5') 

:^0 

<0 

IT 

S: TT 

(60 

<0 

TT 

<0 

iS TT 

(70 

<0 

^ TT 

:<7r 

O 

VI 

(80 

~ TT 

TT 

iS TT 

iS TT 


313. With regard to the polar triangle of any one of- these 
triangles, we can find to which type it belongs from the con- 
sideration that the angles and sides of the polar triangle will 
satisfy the same sets of inequalities as the sides and angles of 
the original triangle respectively. 

If, for example, we take the triangle (3), the angles of its 
polar triangle must satisfy inequalities corresponding to the 
3rd line in Table 11. Looking for these inequalities in the 
angle tables, we find them only in the 3rd and 6th lines of 
Table IV. Hence the polar triangle is either of type (3') or 
of type (6'). Again, as the angles of (3) satisfy the 3rd line 
of inequalities in Table III, the sides of its polar triangle 
satisfy the same inequalities, and these we find only in the 
6th line of Table II, which belongs to types (6) and (6'). 
Thus it appears that the polar triangle of a triangle of type 
(3) is a triangle of type (6'). 

314. The fundamental formulae. The cosine fornivilae, 
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proved in Chapter III for the restricted spherical triangle, 
assume the following form, when the new notation is adopted : 

cos a — cos I cos c - sin h sin c cos a, \ 

cos 5 = cos c cos a ~ sin c sin a cos /5, 1 (ii) 

cos c = cos cos Z> - sin a sin b cos y, j 

that these relations are satisfied by six quantities 
a, 5, c, a, /3, y, and that we make the substitutions, 
a = 27r-a\ h = b\ c = c', "1 

a~ a ^ =5 _ TTj y = y' — TT, J 

we find that the quantities represented by the accented letters 
satisfy relations of precisely the same form. That is to say the 
formulae (ii) are unaltered by the substitution (hi). 

Now we know that the formulae (li) are true for a triangle 
of type (1) j and we have seen that the elements of the 
triangles (2), (3), (4), are derived from those of (1) by the 
substitution (hi) and the two others symmetrical with it. 
Hence it appears that the formulae (li) are true for the triangles 
(2), (3), (4). 

And since from the triangles (2), (3), (4), we derive (5), (6), 
same substitutions, and (8) likewise from one of 
the latter set of three, it follows that the formulae (ii) are 
valid for the eight types (1), (2), . (8). 

Further, the formulae are unaltered when we put 27 r — a 
27r - jS, 27r — y, instead of a, y respectively ; hence they are 
valid also for the types (1'), (2'),.. (8'). 

Thus the cosine formulae are seen to be true for the 
generalised spherical triangle. 

316. The supplementary set of cosine formulae, namely 
cos a = cos yd cos y - sin /5 sin y cos a, ' 

cos ^ = cos y cos a - sin y sin a cos b, • (iv) 

cos y = cos a cos /? - sin a sin /3 cos c, 
may be treated in the same manner. They are unaltered by 
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the substitution (iii), and therefore, having been established 
for triangles of type (1), are equally true for the sixteen types 
of the generalised triangle 


316 . The same reasoning applies to the sine, formulae 


sin a _ sin c . ^ 

sin a sinj8~siny ^ ^ 

establishing their generality, and therefore that also of the 
formulae derived from them, namely 

2n — sin I sin c sm a = sin c sin a sin /5 = sin a sin h sin y, 

2N = sin ^ sin y sin a = sin y sin a sin & = sin a sin fS sin c, 
and 



471^ == 4 sin 5 sin s' sin s" sin s'" 

= 1 - cos2{]^ - cos^J - cos^c + 2 cos a cos 1 ) cos c, 
4N2 = 4 sin O' sin cr' sin a" sm or"’ 

= 1 - cos'-^a - COS^/3 - COS^y 4* 2 COS a COS /5 COS y. 


(vii) 


317 . The cotangent formulae of Art. 49, and the formulae 
of the tyi)o 

sin (3^ COS -h sin c cos ^ -h cos <x sin 6 COS y = 0,1 .... 

sin a COS c + sin 5 cos y +• cos a sin c cos /? = 0, J ^ ^ 

(which are those discussed in Art. 53,) are also of general 
application, being deductions from the sine and cosine formulae. 

318 . Thus all the fundamental formulae of the restricted 
triangle are likewise formulae of the sixteen types of the 
generalised triangle. 

319 . Delambre’s analogies. In generalising those formulae 
which, either in their final form or m the course of their 
deduction from the fundamental formulae, involve the taking 
of a square root, we have to proceed with care in the matter 
of the ambiguous sign. For it will be remembered that, in 
the case of the restricted triangle, the choice of sign was 
determined from consideration of the limitations which had 
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beea arbitrarily imposed on the elements. (See, for example, 
Art. 56.) Now the restrictions upon the values of the 
elements being different for the 16 types of the generalised 
triangle, a diversity of signs is to be expected. 

320. From the formulae (ii), proved valid for the generalised 
triangle, the following are immediate inferences. 


sin 5 sin 5' 

sin-Aa^ . , 

sm b sin c’ 


sin^l'-/? = 
sin2|-y = 


sin s sm s" 
sine sin 
sin s sin s'" 


cos^^-a = 
cos^^/3 = 


COS‘^^y = 


sin s" sin s'" 
sin & sine ’ 
sm s'" sin s' 
sm G sin a, ^ 
sm s' sin s" 


sin a sm b ^ j 


.(ix) 


sm a sin ’ 
and from (ix) again we derive 

sin^/3cos^y /sinV' cos j/3s in.iy /sinV" , , 
sin V sin^<z’ sirTp \ "sm^^ 

Now in these two expressions the particular square roots to 
be chosen are not independent of one another. In fact if the 
former root he 

sin s" 
sin a’ 

the latter must at the same time be 

^ sins'" 
sm a ' 

For, if we denote the latter root by 
, sins' 


sin< 




then we get, on multiplication, 

sinj^siny__^^, sins" sin s'" 

4sin^Ja 

which, in virtue of formulae (ix) and (vii), reduces to 
sin2(^ sin b sin c sin /5 sin y =s; ce' . 

BO that €€'= + 1. Thus €==€'. 
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By adding and subtracting the formulae (x) we get the first 
two of Delambre’s analogies : 

sin^(/^ + y) _ ^ cos c) sin|(/?-y) _sinj(&-c)'' 

sinja “* cos ’ sin^a sin^a / \ / •\ 

cos ^(^ + 7) _ cosl(h + c) cos^(/i?-7)_ ^sin^(Z) + c) 
cos Ja cos \a ’ cos |a ” sin \a - 

321. From the mode of proof it is seen that in the first row 
the upper signs are to be taken together, and the lower signs 
together. But further, throughout the whole group (A) of 
formulae the upper signs go together, and the lower signs 
together. There are several ways of seeing this ; wo may, for 
example, derive the two left-hand formulae simultaneously by 
a method similar to that adopted in deriving the two formulae 
of the upper row. Or wo may infer it by comparing the upper 
formulae with the factorised form of the e<iualities 

sin ^ ± sin y _ sin h ± sin c> 
sin a sin a ’ 

which are immediate inforences from the fundamental sine 
formulae 

322. In addition to the formulae (A) there are two other 
groups of formulae, which we may denotes by (P>) and (0), 
derived from (A) by cyclic inburJiange of the letters a, h, c, 
and of a, 7. In each of tlu^s(^ groups, talom by itself, all the 
upper signs go together, and all the lower signs go together. 

323. It can 1)0 shewn fui*ther that when the thrive groups of 
formulae (A), (B), (Cl) are (ionsidcuMMl to(j(>tlir)\ wo mtist biko 
either onhj the 'upper hujus^ or only the hneer eiyn.^ 

For Delambiif/h analogies arc relations l)etW(Hm four <juan- 
titios, of the form w ^ ;// 

If we put these in the form 
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then from the formulae (A) we get, when we take the upper 
signs, 

4. j. s"' cr" or'" s" 5'" 

tan^tan^ =tan^tany, tan'YCOt-^=cot 2 tan-g-, 

tan? cot? =cot I tan tan~tan~~ = tan|tan~ ; 
and, when we take the lower signs, 
tan?tan~ = cotY coty, tan yCOt^ = tan|-cot^, 

, cr cr' 5 5' O’" cr'" S s' 

tangcot- = tangcot tan-g-tan-^ =cotgCotg. 

If now the corresponding formulae (B) and (C) be formed, 
it will be seen at once that the assumption, that in any one of 
the groups (A), (B), (C) the upper sign can be taken, while at the 
same time the lower sign is taken in another, is inadmissible. 

324. Proper and improper triangles. Those triangles for 
which the upper signs must be taken in Delambre’s analogies 
are called proper triangles. Those for which the lower signs 
must be taken are called improper triangles, 

325. Napier’s formulae for tan|(&±c), etc., derived from 
those of Delambre by division, are the same for proper as for 
improper triangles. 

326. Indeed all the trigonometrical formulae of proper 
triangles may be divided into two classes, the first those which 
are valid equally for proper and for improper triangles, the 
second those which hold good only for proper triangles. The 
formulae of the first class are founded on the sine and cosine 

* This distinction between the two sorts of triangles corresponds to 
the distinction between proper and improper orthogonal substitutions, 
4.e. those for which the determinant of the coefficients equals + 1, and 
those for which it equals - 1, respectively. 


(A) (xiii) 


|(A) (xii) 
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formulae, those of the second on Delambre’s analogies. From 
these root formulae we may pass to all others of the same class 
by unambiguous operations, and so likewise we may pass from 
formulae of the second class to formulae of the first. But the 
transition from formulae of the first class to formulae of the 
second requires the determination of the sign of a square root, 
that is to say a choice between two alternatives 

327. It is easy to see that the upper signs in Delambre’S 
analogies are those which must be taken for a triangle whose 
sides and angles are less than tt. And indeed it will be found 
that the triangles of types (1), (2), (3), (4) are proper triangles, 
while (5), (6), (7), (8) are improper. 

328. Further, if we increase a single side or a single angle 
of a triangle by 2^, we thereby change the signs in Delambre’s 
analogies. This circumstance would be of importance if we 
were to extend our discussion to triangles whose sides and 
angles are not restricted to be less than 27 r. It emphasises 
the obvious fact that, while angles which differ by multiples 
of 27r may be regarded as identical so long as we use only 
their own trigonometrical functions, they can not be so 
regarded in expressions where tbc trigonometrical functions 
of their sub-multiples are employed 

329. It might be supposed, since the substitution (iii), 
applied to any one of Delambre’s analogies, does not alter the 
sign, and since all the triangles (2), (3) ... (8) are derived from 
(1) by one or more substitutions of this type, that all the 
eight triangles are proper triangles. But, as a matter of fact, 
when the substitution (i) is applied to the triangle (4), for 
example, (see Table I), wo do not iw/inedidtely get the triangle 
(6) The set of elements that results is 

a = 27r-ap C=27r-Cjl 

r/. = 7r4-a^, /5 = 27r -{- ^^, y = 7r + y^, J “ " 

corresponding to a triangle whose angle /S is greater than 27 r, 
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We have to subtract 27r from /5 in order to bring the triangle 
within the stipulated restriction, and then we arrive at type 
(6). It is this subtraction of 27r which, though leaving the 
fundamental formulae unchanged, alters the signs in De- 
lambre's analogies, and brings type (6) into the class of 
improper triangles 


330. Another proof of Delamhre’s analogies.* 

From the sine formulae we have 

sin ^ sin a = sin h sin a, 
sin 7 sin a = sin c sin a ; 

whence 

(sin ^ - sin y) sin a = (sin 5 -sine) sin a, .... (xv) 

(sin /? + sin y) sin a = (sin 5 + sin c) sin a (xvi) 

Again from (viii) 

sin & cos e + sin a cos y + cos h sin c cos a = 0, 
sin e cos 5 + sin a cos ^ + cos c sin 5 cos a = 0 ; 
whence by addition 

(cos (B + cos y) sin a + sin (5 + c). (1 + cos a) = 0. . . (xvii) 
The correlative formula, 

sin (^ + y) . (1 -I- cos a) + (cos 6 + cos e) sin a = 0 . . (xviii) 
is deduced by consideration of the polar triangle. 

If, now, in equations (xv) ..(xviii) we factorise all the terms, 
and introduce the abbreviations 


sin |- (/? - y) sin ^-a = Z, sin |(5 - q) sin |a = A, 
coB^(/3-y) sin|-a = m, cos|-(5 - c) sin = 
sin J (/? + y) cos |a = n, sin | {b + c) cos |a = v, 

cos J (^ + y) cos Ja = p, cos I (5 + e) cos la = CT, 

we get 

Ip =: Atir, mn =■ [iVy 1 
mp= - |/CT, j 


(xix) 


‘Chattvehet, Spherical Tngenometry, §§25-27; Baltzbe, Tngo- 
nometrie, §5, X. 
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Now multiply the last two equations and diyido by the 
second, and there results 

Hence either (1°) i? = 

and at the same time ? = A,, m— -v, n- - 
or (2'’) 

and at the same time 1= in — v, n = /x. 

These relations are the group (A) of Delambek’S formulae. 


331. L’Huilier’s Formulae Those are formulao of the clasH 
that are not the same for proper as for improper triangh^a 
For proper triangles they aro deduced from the ecjualitios (xii), 
and are simplified in form by the introduction of a now symbol 
So we have the following relations, of which the first is to bo 
regarded as the definition of L : 

. o- or' cr\ (t'" 2 1 

tan tan tan -75- tan 

^ (XK) 

= tan ~ tan tan tan 


tan ~ tan ~ tan tan ~ L", 

g/' " 

tan ^ tan -7- tan tan « L«, 

A Jt Z l!) 

and four others got by cyclic interchang(^ of 
singly, doubly, and triply accented lettci’s, 


(xxi) 


tan I tan ~ = tan ™ tan ^ ~ tan ian 


= tan tan 


L. 


(xxii) 


The definition of L involves the taking of a scjuare root; fcT 
triangles whose sides and angles lie botwetm 0 and tt the 
positive root is to be chosen, 

L,S.T. 


H 
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Corresponding results for the improper triangles can h 
derived from formulae (xiii). 

332. The following references will be useful to the reade 
who is interested in the wider views of Spherical Trigonometr 
and in its relations with other branches of Pure Mathematics. 

E. Study. “ Spharische Trigonometrie, etc.,'' Ahhandhmgen der Koii 
Sack, Gesellschaft der mss. zu Leipzig, XX, 1893. 

Mathematical Report to the International Congress at Chicago, 1893. 

Mathematische Mitteilungen," Verhandlungen der Kon. Sach. Geseli 
schaft der Wiss. zu Leipzig, 1895, p 532. 

Borne Researches in Spherical Trigonometry," Papers published h 
The American Mathematical Society, I, 1896, p. 382. 

Mrs. G. Chisholm Yotjno, Algehraisch gruppentheoretische Unter 
suchungen zur spharischen Trigonometric, Gottingen, 1895 

Bulla varietd razionale normals di Bq rappresentante della trigo 
nometria sferica," Atti della R. Accademia delle Scienze di Torino 
XXXIV, 1899, p 587. 

P. Klein, Vorlesungen nher die hypergeometnsche Function, Got 
tingen, 1894, p. 285 et seq. 

Vorlesungen uher die nicht-EuMid'sche Geometric, Gottingen 1893 
Vol. I, p. 11 ; Vol II, p. 169. 

F. Meyer, Der Resultantenbegnff in der spharischen Trigonometric ^ 
Crelle's Journal, CXV, p 209. 

“Z)^e Resultantenbildungen der Trigonometric," Jahresbericht dev 
Deut. Math Vereinigung, IV, 1894-5, p. 92. 

0. Fund, Ueber Substitutionsgruppen in der spharischen Trigo- 
nometrie, inbesondere die Neperschen Regeln fur die rechtmnhhne 
spharischen Dreieche," Mitteilungen der Math. Geseli. in Mambura III 
1897-8, p 290. " 

R. E. Muirhead, Proc Edinburgh Math. Soc. 1894-5, p. 129. 

Sti^phanos, “ iS'w.r la relation qui existe entre le probUme de la trigo- 
nometrie sph4rique et la tUorie du syst^me de trois formes biquadratmues 
oinaires,' Bulletin de la BocUU matMrmtique de France X 1882 
p. 134. ’ ’ 

Dziobek, Ueber eine Erweiterung des Gauss'schen Pentagramma 
mirificum auf ein beliebiges spharischen Dreiech^" Grunert's Archiv, 


CHAPTER XX. 


APPLICATIONS OF DETERMINANTS TO SPHERICAL 
GEOMETRY. 

333. Normal coordinates witli respect to a trirectangular 
triangle. The use of the normal coordinates with respect to a 
triangle, defined in Art. 162, renders possible an analytical 
method in spherical geometry analogous to the method of 
tnlmear coordinates in plane geometry. 

For this purpose it is convenient to take as triangle of 
reference a triangle whose three sides are quadrants, and 
whose three angles are consequently right angles. A triangle 
of this sort is called a tnrectangular triangle , its principal 
properties have been discussed in Chapter XVII. In such a 
triangle each corner is the pole of the opposite side; and 
consequently the arc joining a corner to any point in the 
opposite side is a quadrant If ABC be the triangle, P any 
point on the sphere, and D, E, F the points where AP, BP, CP 
intersect the sides (see figure of Art. 160), AP, BP, CP are 
complementary to PD, PE, PF respectively. Thus the normal 
coordinates of P, already defined as sin PD, sin PE, sin PF, are, 
in the present instance, the same as cos AP, cos BP, cos CP, and 
will be denoted by A, /x, v as in Art. 272, The student of 
Analytical Solid Geometry will recognise in A, /x, v the 
direction cosines of OP, referred to the rectangular axes OA, 
OB, OC, where 0 is the centre of the sphere. 

334. Fundamental properties of the coordinates. Two 

properties of the normal coordinates of a point with respect to 
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a trirectangular triangle are fundamental, and will be used 
constantly throughout the present chapter. 

(1) If X, IX, V he the coordinates of amj point P, 

X^ + lx^ + v^=l ( 1 ) 

(2) If X, IX, V and X , ix, v he the coordinates of any two points 
P and P j 

XX' + /x/i' + vv' == cos PP' (2) 

Proofs of these propositions have been given in Articles 
269 and 270. 


335. Assumption with regard to the triangle of reference. 

In Chapters X and XIX we have found it necessary to make 
a convention as to the sense in which angles between arcs on 
the surface of the sphere are to be reckoned as positive. Such 
a convention is equally necessary in the present chapter ; and 
we must add to it the further assumption that the triangle of 
reference is such that a point travelling from A to B, then from 
B to C, and then from C to A, along the sides, goes round the 
triangle in the conventionally positive sense. 

As before, we select as positive the sense which appears 
counter-clockwise to an observer situated outside the sphere. 

336. Convention with regard to small circles. The 
ambiguity that attaches to the conception of a small circle 
has been alluded to in Art. 201. An analytical treatment 
of the circle can only bo rendered effective by making such 
a convention as will entirely remove this ambiguity. 

A circle has two poles and, corresponding to them, two 
infinities of spherical radii represented by a-i- 2 m 7 r, /8 + 2 n 7 r, 
where m and n may be any integers, and a, /8 represent the 
least arcs joining a point on the circle to the two poles. If 
we agree to exclude radii greater than tt we have still two 
poles, and two radii a and /3, supplements of one another. 

To every circle^ however, we shall assign arbitrarily a 



§ 337 ] 


APPLICATIONS OP DETERMINANTS. 


261 


certain direction or sense, in which it may be supposed to he 
described That pole which would lie to the left of a person 
walking, on the outside of the sphere, along the circle in the 
assigned direction is defined to be the pole of the circle ; the 
arc joining the pole to a point on the circle is defined to be 
the radius , and, of the two portions into which the circle 
divides the surface of the sphere, that which contains the pole 
is called the inside of the circle, whether it be greater or less 
than a hemisphere. 

In other words, the spherical radius of a small circle may 
have any value between zero and tt , hut the circle is always 
to be regarded as having been described, (or swept out), by 
a radius turning about the pole in the counter-clockwise 
sense ; and the direction in which the end of the radius moves 
IS the direction belonging to the circle. 

Thus, when a direction has been assigned to a circle, the 
pole is determined as lying to the left of that direction ; and, 
conversely, if the pole be assigned, the direction is determined 
as corresponding to a counter-clockwise rotation round the 
pole 

The reader who has studied the theorems relating to 
coaxal and colunar systems of circles, discussed in Chapter X, 
will find it interesting to examine how far the scope of those 
theorems can bo extended by the introduction of the con- 
vention of the present Article. 

337. Definition of spherical tangent. By the spherical 
tangent at a point on a small circle is meant the great circle 
that has ordinary geometrical contact with the small circle, 
the direction assigned to the groat circle being the same, at 
the point of contact, as that assigned to the small circle. In 
other words, if a groat circle and a small circle touch one 
another, the pole of the small circle lies to the left of the great 
circle. 
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If the circles have geometrical contact, but their directions 
be such that the pole of the small circle lies to the right of 
the great circle, the circles meet at an angle tt, and are not 
to be regarded as touching in the strict sense of the term. 

In fact the only sort of contact contemplated in the 
definition is what may be called internal contact, the word 
“internal” being used m a sense corresponding to the 
definition, given in the preceding Article, of the “inside” 
of a circle. 

338. Angle of intersection of two circles. If two circles 
A, B intersect in a point P, the angle between the tangents to 
the circles at P, measured in the positive sense of rotation from 
the tangent to A to the tangent to B, is called the angle of 
intersection of the circles at the point P. As it is necessary to 
choose one of the tangents as that from which the rotation 
begins, account must be taken of the order in which the circles 
are named. In general the circles, if they intersect at all, 
will do so in two points, say P and Q; and the angles of 
intersection at these two points together make up 27r 

Should it be desirable to distinguish between the two angles 
of intersection, we may do so by observing that at one of the 
points of intersection the circle A enters the circle B, and the 
circle B emerges from the circle A ; at the other point the circle 
A emerges from the circle B, and the circle B enters the circle 
A. We shall agree to apply the term “the angle of intersec- 
tion of two circles ” to the angle of intersection at that point 
where the first circle emerges from the second. 

When two circles touch, their angle of intersection is zero. 

If A, B be the poles of two circles, and P a point of inter- 
section, the angle APB is equal to the angle of intersection. 
Denoting this angle by <?5), and the radii by r, s, we get, by 
applying the cosine formula to the triangle APB, 

sin r sin 5 cos = cos AB - cos r cos s (3) 
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339. Mutual Power of two circles. If A, B be the poles, 
and r, s the spherical radii of two circles, the expression 

cos AB - cos r cos s (4) 

is called the mutual ;power of the circles. 

Greoiuetrical interpretation. When the circles intersect, 
formula (3) shews that their mutual power equals the product 
of the sines of their radii and the cosine of their angle of 
intersection 

When the circles do not intersect, their mutual power is not 
susceptible of this geometrical interpretation. In special cases 
other interpretations can be found , thus if the second circle be 
a great circle, the mutual power is cosAB, which equals sinj 9 , 
where ^ is the distance of the centre of A from the great circle, 
measured inwards along a spherical radius ; if both circles be 
points, their mutual power is - 2 sin^jAB ; if the second 
circle be a point, and r the length of the spherical tangent 
from it to A, cos AB = cos r cos t, and the mutual power is 
— 2 cos r sin^ \t. 

The theorems which follow are, in several instances, ex- 
pressed in terms of the angles of intersection of circles. They 
hold equally well when some of the pairs of circles do not 
intersect, or when some of the circles are points; but when 
this is the case it is necessary to express the theorems in terms 
of spherical powers instead of the non existent angles of inter- 
section, and there will be correspondingly different geometrical 
interpretations. 

340. Let 5 ^, be two circles, whose spherical radii are r„, 
and whose poles, C,,^, C„, have for normal coordinates 

(»m, and (a:„, «/,„ 

respectively. Then 

cos 4“ ywSIn 4“ 

and consequently if P{mn) represent the mutual power, 

P{mn) = XA + - cos r,„ cos »•„ (5) 
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341. Theorem of the mutual powers. Let there be two 
systems, each consisting of five circles, namely, and 

^'si ^ 4 ) ^6 j their radii, poles, etc , be represented 

by a notation corresponding to that of the previous Article. 
Form the product of the two vanishing determinants 


0, 


Vv 


cosrj 

) 

0, 

^ i» 

2/'i. 

/v' 

- COS r\ 

0, 


2/2. 

^2. 

cos ? 2 


0, 

^ 2> 

^2. 


- cos ?’'2 

0, 

^3’ 

Vz, 

^3> 

cosrg 


0, 

X 3, 

2/'3. 


- COS r'3 

0, 


2/4. 


cosr^ 


0, 



^ 4 » 

- cos r'4 

0, 

^ 5 ’ 

2/6. 

^6. 

cos fg 


0, 


y 5. 


- cos r'5 


and we get immediately the following important result, first 
given by Prof. Frobenius:* 

P(ir), P(in P(13'), P(14'), P(150 

P(2r), P(22'), P(23'), P(24'), P(25') 

P(31'), P(32'), P(33'), P(34'), P(35') =0 ...(6) 

P(4r), P(42'), P(43'), P(44'), P(45') 

P(5r), P(52'), P(53'), P(54'), P(55') 

342. If each circle of one system intersect all the circles of 
the other system, the angle of intersection of 5 ^, s\^ being 
represented by (rfin'\ we derive the following theorem by 
substituting sin r,„sin r'„cos for P(mn') : 

cos(ll'), cos(12'), cos(13'), cos(14'), cos(15') 
cos(2r), cos(22'), cos(23'), cos(24'), cos(25') 
cos(3r), cos(32'), cos(33'), cos(34'), cos(35') =0 . .(7) 
cos (41'), cos (42'), cos (43'), cos (44'), cos (45') 
cos (51'), cos (52'), cos(53'), cos (54'), cos (55') 

343. Cases of orthogonal section If the first four circles 
of the first system are cut orthogonally by the same circle cr, 
and if we take cr to be the fifth circle of the second system, 

* G. Feobenitjs, “ Amvendungen der Determinantentheorie mij die 
Geometrie des Maasses” Grdle's Journal, LXXIX, 1875, p. 187, See, 
however, Oayuey, Camh. Math. Journal, II, 1841, p. 267, or Collected 
Worhs, Vol. I, p 1. 
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fclie first four elements of the last column vanish in formula 
(7) Hence we get the following relation between the angles 
in which a system of four circles, possessed of a common 
orthogonal circle, are cut by any other four circles : 


cos (IT), cos (12'), cos (13'), cos (14') 
cos (21'), cos (22'), cos (23'), cos (24') 
cos (31'), cos (32'), cos (33'), cos (34') 
cos (41'), cos (42'), cos (43'), cos (44') 


= 0 


...( 8 ) 


If cr' be the circle which cuts s\, s\ orthogonally,, and if 
cr cut cr' orthogonally, cr' may be taken as the fourth circle of 
the first system. Then the first three elements of the last 
row vanish m formula (8), and we get the following relation 
between the angles of intersection of two systems of three 
circles, whose respective orthogonal circles cut at right angles : 


cos (IT), cos (12'), 
cos (21'), cos (22'), 
cos (31'), cos (32'), 


cos (13') 
cos (23') 
cos (33') 


= 0 


( 9 ) 


The condition that cr and cr' cut orthogonally is satisfied in 
the following cases : 

(1) If the circles of the second system arc coaxal ; for, of 
the infinite number of circles which cut all the circles of a 
coaxal system orthogonally, there is always one which is 
orthogonal to another given circle such as cr. 

(2) If the poles of the three circles of the second system lie 
on a great circle which passes through the polo of o - ; for cr' is 
then this groat circle, 

(3) If cr and the three circles of the second system pass 
through a common point ; for cr' is then the common point. 

(4) If the six circles of the two systems pass through a 
common point ; for cr and cr' are both point circles having tho 
common point for pole, and P(crcr') vanishes. 
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344. Condition that three circles, whose poles are on 
great circle, be coaxaL In case (1) of the previous Articl 
since the circles orthogonal to a coaxal system contain a 
infinite number of pairs orthogonal to one another, it 
legitimate to make the second system of three circles coincic 
with the first. We thus get as the condition that thn 
circles, whose poles are on a great circle, be coaxal 

sinV^, P(12), P(13) 

P(21), sinV^, P(23) =0 (1( 

P(31), P(32), Bm% 

When the circles cut, the mutual powers may be replaced b 
cosines, and each of the leading elements by unity. Th 


resulting determinant has then factors of the form 

sin J {(23) ±(31) ±(12)}; (11 

thus (23)±(31)±(12) = 2n7r, (15 


where n is zero or an integer. The geometrical interpretatio 
will be appreciated on examination of different diagrams c 
three circles passing through common points. 

345. Circle cutting three coaxal circles. As a particula 
ease of result (9), we may suppose the three circles of th 
first system to be coaxal, and the first and second circles c 
the second system to coincide respectively with the first am 
second of the first system. We then get a relation betweei 
the angles <563, <^3, at which any circle s is cut by thre 
coaxal circles, Sg, 53, namely, 

1, cos (12), cos<^i 

cos (21), 1, cos <^2 =0 (13 

cos(31), cos(32), cos<^3 

In this determinant the coefiicient of cos is 
cos(32)cos(21)~cos(31), 

which is equal to sin (32) sin (21), since (31) = (32) + (21) 
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Removing the factor sin (12) from the complete expansion, 
we reduce the relation to the form 

sin (2 3) cos + sin (3 1 ) cos <^2 + 1 ^ ^3 ^ • • ■ • ( ^ 


346. If the circle s of the previous Article be a point, we 
use, instead of (13), the corresponding determinant with 
mutual powers. Remembering that the mutual power of a 
point and a circle is - 2 cos r sin^Jr, when t is the length 
of the tangent from the point to the circle, we get a relation 
between the tangents from any point to three coaxal circles, 
namely, 


P(21), 

P(31), 


• (IS) 


P(12), cosrjSin^lTj 
sin^rj, cos sin^^Tg = 0 
P(32), cosrgSiii^jTg 

If the point be on Sg, so that Tg = 0, this relation expresses 
the fact that the sines of the halves of the tangents from a 
variable point on a circle to two other circles coaxal with it 
are in a constant ratio. (See Art. 177.) 


347. Eelations between five circles. In the theorem of 
the mutual powers let the two sets of circles coincide. Then 
it appears that any five circles satisfy the relation, 


sinVj, P(12), P(13), P(14), P(15) 

P(21), sinVg, P(23), P(24), P(25) 

P(31), P(32), sin%, P(34), P(35) 

P(41), P(42), P(43), sin%, P(45) 

P(51), P(52), P(53b P(64), sin^ 


= 0...(16) 


Thus the condition that four circles be cut orthogonally by 
a fifth IS 

sinVi, P(12), P(]3), P(14) 

P(21), sin% P(23), P(24) 

P(31), P(32), sin%, P(34) 

P(41), P(42), P(43), sin% 


= 0; (17) 
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and the condition that four circles touch a fifth is (when they 
intersect one another), 


0, sin2J-(12), sin2-^(13), sin2-^(14) 

sin2J(21), 0, sin2|:(23), sin2i(24) 

sin2J(31), sin2J(32), 0, “ sm4(34) 

sin2J(41), siii 2|.(42X sm2|-(43), 0 


= 0.(18) 


348. Eeciprocal Power of two circles The mutual power 
of the recip-ocals of the circles s„, is clearly 

cosC„C„-sinr,„siiu„ ( 19 ) 

- sin ? sin ?•„ (20) 

We shall call this the reciprocal power of the circles s,„, s,,, and 
denote it by R{mn) 

If the circles have a spherical common tangent of length 
\mn\, we find, on application of the cosine formula to the 
triangle whose vertices are the poles of the circles and of the 
tangent, that 


R {mn) = cos r^ cos r„ cos [mn] (21) 


349. Theorem of the reciprocal powers Take two sets of 
five circles, and multiply together the vanishing determinants 
(0) ® 2 i y» sinvj), (0, x\, y'g, -sin/^). 

There results the following theorem, analogous to that of 
Trobbnius • 


R(ir), R(12'), R(13'), R(14'), R(15') 

R(21'), R(22'), R(230, R(24'), R(25') 

R(3r), R(32'), R(33'), R(34'), R(35') 

R(41'), R(42'), R^S'), R(44'), R(46') 

R(51'), R(52'), R(53'), R(64'), R(65') 


= 0 . ( 22 ) 


^0. The particular cases of this theorem correspond exactly 
to the particular cases of Frobenius’s theorem, which have 
been discussed in the preceding Articles; they are arrived at by 
analogous processes, and the forms in which they are stated 
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are deduced by substituting R for P. The geometrical inter- 
pretations, however, are different ; for the angles of intersection 
in the one set of theorems are represented by lengths of 
common tangents in the other. 

The theorems derived by reciprocal powers are, in fact, the 
reciprocals of the theorems derived by mutual powers. For 
example, if we substitute R for P throughout formula (10) of 
Art 344, and cosines for sines in the leading elements, we get 
the condition that three circles whose poles aie on a great 
circle should be colunar ^ and, corresponding to the theorems 
of Arts. 345, 346, we get properties of colunar circles 

Again the condition of Art. 347, that four circles should be 
touched by a fifth, would, if derived from the reciprocal power 
theorem, appear as an expression precisely like that in formula 
(18) in the squared sines of the halves of the common tangents 
Dr. Casey* points out that the condition is equivalent to 

sin I [23] sin J [1 4] ± sin J [31] sin | [24] 

± sin I [12] sin I [34] = 0 (23) 

From this result Hart’s theorem may be deduced. 

351. Pour points and four circles. If .s^^, Sg, be point 
circles, the sines of thoir radii vanish ; consequently the deter- 
minant (%, sinr^) vanishes. Multiplying it by the 

determinant (a/p - sinr'^), wo got the following relation 

between four points and four circles, wherein the reciprocal 
powers are replaced by cosines of tangents drawn from the 
points to the circles : 


cos[ir], 

cos [12'], 

cos [13'], 

cos [14'] 

cos [21'], 

cos [22'], 

cos[23'], 

cos [24'] 

cos [31'], 

cos[;?2'], 

cos [3 3'], 

cos [34'] 

cos [41'], 

cos [42'], 

cos [4 3'], 

cos [44'] 


* Proceedings of the Royal Irish Academy, IX, 1866, p. 396 Cp. 
Dabboux, Anncdes de I' Boole JSJormalc, 2n(l series, Yol. II, 1872, p. 347, 
and Probenius, loc. cU., p. 207. 
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352. Relation between tlie arcs joining four points. In 

this result let s\, /g, s\ coincide with the points 5 ^, Sg, 

^ 4 - The formula then becomes a relation between the 
arcs joining any four points on the sphere. If three of the 
points be the corners of a triangle ABC, and if the arcs joining 
them to the fourth point be a, /?, y, the relation is 

1, COSC, C0SZ>, cos a 

cosc, 1 , cos a, cos/5 

COS&, cosc^, 1, cosy 

cos a, cos^, cosy, 1 

or 2 sin^^i cos% + 22 (cos 5 cos c ~ cos a) cos /5 cos y - == 0 . (26) 

When A, B, C are on a great circle, the sine of the triangle 
ABC vanishes, also sin(a±5±c) -0, and the left hand side 
becomes the square of 2 sin a cos a. Thus we obtain the 
theorem of Art 145. 

353. The theorem of Art. 165 is also a particular case of 
relation (24). To obtain it we make and s'j coincide with 
the point A, and s ' 2 with B, 53 and s'g with C, with O, and 
s '4 with P. 

354. The present Chapter, based to a considerable extent 
on the memoir quoted in the foot-note to Art. 341, contains 
only a few of the more elementary of the numerous theorems 
which are obtained by the method of Frobenius. The 
reader who is interested in the subject should consult the 
original memoir, also Dr. Casey’s paper referred to in Art. 
350, and a paper by Dr. R. Lachlan in the Philosophical 
Transactions of the Boyal Society, Yol. 177, 1886. 


= 0 (25) 
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